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MYHWC-nith ®u3nkuiin candapt xuitrn 6aiiraa cyyph cypanraanbl @xAyyaln HII
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NPO®ECCOP NYC33N193H OYUPBAT

MNpodeccop I". Ounpbar 1836 oHa 3asxaH alnMruiiH
AnpapxaaH cyMmang TepceH, 1959 oxg MYWUC-uir Tercy
ynmaap uankniiH Barwaap Tyc cypryynbg axunnacaH yeac
XOWW CYpPranT 3pAaM WMHXUNTIIHWA axnbIr XocnyynaH
ryAuaTracaap sisaa axmag 6arw HapbiH H3r IOM.
MYWNC-a OHONBIH (PUBNKWIAH CYPranT yycrax Xenkyynaxan
Ouupbar BarwuiH ryauaTracaH yypar HaH ux araag 1960-
nag OHOOC OHONbIH (PU3UKWAH CypranTaHg Hob6enunH
warHanT akagemuy N1.0. NangayruidH cypax Gudrniar aHx
HIBTPYYNC3H Hb CYprantbiH TYBLWWHr 6ycaa OpHbl KULWAIT
Xypraxag dyxan anxam 6oncoH 6unaa.. Tapasp OHoNbIH
. i MexaHuk, YaH  xapumxavH oHon, OpHbl  oHON,
SneKTpO,qVIHaMMK CratmcTuk W3WMK 33par YHACIH Kypcyyabir PU3WK,  MaTeMaTUKUIAH
aHruyaaa onoH Xun 3aaxad. MYUC-wiAH OHONbIH OM3VKUAH CypranTbiH  XOLPOrAonLIr
apunrax, A3NXUAH WWNA3M UX CypryynuyfdoiH H3r  MockBariH UX CYpPryynuiH XUWurr
Aexexen wuiasapnax yyprudr I, Ouupbar Garw ryduaTracon 6anna.
1964-1968 oHyyaan MocksarumH Ux CypryynuiH acnupaHTypT cypanuax H3pT duaukd A A,
BnacoebiH yaupanaraap "ABCONIOT TIr Temnepatyp Aaxb LWWHFIH-KPUCTaNM Wunkunt”
C3AB33p 434 3PAIMTHUA 33p3r Xamraanxk yncaaa OHONbIH (BU3MKUAH aHXHbl IPA3MT3IH
B6oncoH tom. 1970-uag oHa JyBHa xOT Aaxb LIBMUAH WWHXUNF33HWA UHCTUTYT3A axunnax
LUSMUAH OHONM, XaTyy BUeninH ON3NKUIAH YUrN3aNaap ONoH TooHb!l ByT3an Tyypeucax 6aniHa.

I.Ounpbat Barwmiti cypanraaHbl COHUPXONbIH XyPasHA wyraman byc aucdeperuman
TArWMTranuH yet wung 6anryynax acyynan dyxan 6anp aszanaar. Lyraman 6yc mexaHukuiH
TorwmTtran 6oanor Kpbinoe-borontoboBbiH apruir AMap H3r X3aMK33raap TaNax Oponanoro
YPramK XWncasp UPC3H.

1980-aap OHbl CYYNa33p WaBb HapblHXaa XxamT wyramaH B6yc ONTUKWUAH 4vurnang
aXUNNax KNaccyk ONTUKOOP ONOK Yyxan yp AYH raprax as4aa. YYH3Iac 3apumbir Aypasan

e Kepp opuuHg Tapax rapnuiid TM TyinwpanTtain aonruoHsl 6oanorsH
dopmans wraauiar AHY-biH 3pAaIMTIHTaR Bapar HaraH 33par ONCOoH.

e llyramaH wWWHr33NTT3AW wWwyramaH 6yc cyypb opuuHA Tapax TE ponrvuoHg
FenbMronbuUuH TarwwTran, TM gonrvoHa MakceennuidH cuctem GoAoxbiH Tyng
Borono6os-MuTpononsCKMiH apran XMAC3H epreTrenyya.

e  AHM30TPON KEpp OpuuH4 Tapax ropnuiiH TE, TM aonruonHbl 60ANorbiH - aHanuTuk
wurigyya

o [IUBNEKTPWKWAH TEeH30p 3pYMI3C XxamaapcaH AypblH GyHKy Ganx Toxwonaona TE,
TM pgonrvoHbl 60A4N0rbIH aHANUTUK WWMALYYA
MakceennuitH 6ypaH 6uw cuctem Tarwutran 6oaox WWHI apra

e MakceennuinH 6ypaH CUCTEMWIAT raHL TArWWUTraNA, WAMKyynax cxem

e Ceper kepp opunHg 6aiix Bonox TM gonrmoHel 6yx xysunbap

e ceper Kkepp op4vH Aaxb TM aonroHbl casbiH GyP3aH LWWHXWNFII

e Ceper Kkepp OpuMH QAaxb AONrMOHbI amnnutys 6a a3 Tycral (yHKUI3p
nnapxunnaraax Byx 60NOMXUIAT xapyyncaH oM.

I". OunpBaT Barw MYUC aaap ssarpax 6yn “Lyraman 6yc aHvu3oTpon cynep Top" caf3sT
cysanraanbl aXnblH YAMPAArdy araaf Wwasb HapbiH A0TOP 3H3 HWIM3N3IP LWMHXKNIX yxaaHsl
AOKTOp 1, AoKTOp 2, MarucTp 5 xyH GanHa.

MWIC WAH XyHaaT npodpeccop .Ounpbar Gon MoHron OpPOHA OHONbIH CHUIUKWAH
CypranT, cyaanraar aHX YYCT3H XeDKYYMK OHOMbIH (PU3UKWIAH CypranTbir XWHX3H3 WX
CYPryynWiAH 33p3IT XYPraX, OHONbIH PUUKWAH WaBb CyPryynb YYCTaH WMHXIX yxaaHA
©6pUIAH XyBb BUEUN3H OPYYMK ABAA H3PT IPA3MTIH CypraH XyMYYXyynard oM.

W pokTop, npodeccop Ll.Maxuor

MYWUC-nitH 3axupan
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Entanglement of Permutation Symmetric State

Duger Ulam-Orgikh®
Theoreticel Physics Laboratory, Schuol of Physics and Electronics,
National University of Mongolia, Ulaanbaatar 210646, Mongolia

Masahiro Kitagawat
Graduate School of Engineering Science, Osaka University
1-3 Machikaneyama-cho, Toyonaka, Osaka 560-8531 Japan and
Core Research for Evolution Science and Technology (CREST),
JST, Saitama, 332-0012, Japan

We consider an assembly of N indistinguishable two-level atoms, for which a concept of spin-
squeezing and catanglement measures can be well defined. Permutation symmetry of such a state
allows one to usc an entanglement measure called the concurrcnce as the measures of pairwise and
also [V-partite entanglement. By using these measures, we show that negative pair-spin correlations
of the state are quantum ones. It implies the quantumness of a spin-squeezing, which also pos-
sesses pair-spin negative corrclations. We also provide the entanglement measures of a macroscopic
entangled state and an atomic Dicke state for super-radiant and spontaneous emissions.

PACS numbers: 03.67.-4, 42.50.Dv, 03.65.Bz, 42.50.Fx

I. INTRODUCTION

It is well known that cntanglement and squece-
ing are valuable resources of quantum correlations
- vital implication of quantum mechanics for multi-
ple particles. A superposition principle and Hilbert
spacc structure jointly imply quantum entanglement,
which recently becomes a subject of intense study
due to its being indispensable ingredient for quan-
tum information (QI) processing [1}. The uncer-
tainty principle originating from non-commutativity,
which is so fundamental that it leads to the indeter-
minacy and probability in quantum mechanics, lays
a quantum limitation in an extraction of classic in-
formation from a quantum state. Based on this prin-
ciple, a squeczed state is defined to be a special kind
of entangled statc for overcoming such a limit to a
certain extent. Thus, it is important to study a re-
lation between squeczing and entanglement, and an
actual role of squeezing in QI processing.

Entanglement should be indicated by its measures
and many kinds of entanglements are defined [2].
Onc of the bold results obtained so far is the discov-
ery of the concurrence (3] & computable measurs
of entanglement of formation  and its application
gives many interesting results [4]. The finding of
similar computable measure for multipartite entan-
glement is of fundamental importance and remains
to be solved.

Regarding to the squeezing, one should consider

"Electronic address:  numuka@yahoo.com,ulamorgikhonum.
edu.mn :
! Electronic address: kit@qc.ee.es.osaka-u.ac.jp

bosonic and spin cases separately due to the ba-
sic difference in their commutation relations. Bo-
son squeezing is well studied and have been used
for continuous variable QI processing [5]. As far as
for spin case, a concept of spin squeezing was es-
tablished in [6] based on the idea of quantum corre-
lations and demonstrated with the use of collective
nonlinear Hamiltonians. The main idea in the spin
squeezing is that quantum correlations are needed to
overcome a standard quantum limit (SQL) but not
classical corrclations. Wincland ct. al. have applied
the spin squeezing concept to atomic spectroscopic
precision improvement over SQL [7] and have given
another definition to which we refer as a spectro-
scopic squeezing. Spin squeezed or atomic squeezed
states have been experimentally obtained [8-10].

It is very important to explicitly show the quan-
tumness, i.c., posessing quantum correlations, in the
definition in order to use it in a correct sense. In
Ref. [11] it has been shown that spectroscopic spin
squeczing is a sufficient condition for inseparability
or entanglement. But, this result does not necessar-
ily imply the quantumness in the original definition
of spin squeezing, because it is weaker in mathemat-
ical sense than the spectroscopic squeezing. While
demonstrating the ability of a spin squeezed state to
improve precision mecasurcment, over SQL in Ramscy
spectroscopy in the presence of decohcrence, we have
previously pointed out the negative pair-spin corre-
lations and pairwisc entanglement in spin squeczed
state [12]. In- this paper we dcal with this issuc in
detail.

Let us restate the definition of spin squeczing [6)
here: a spin is regarded as squeezed only if the
minimum variance (AJ2) of a spin component per-
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pendicular to the direction f2 of the mean spin vee-
tor is smaller than the SQL of .J/2 of the coherent
spin state (CSS), i.e., the state is spin-squeezed iff
(AJ%)/(J/2) < 1. There are two physical reasons to
intuitively explain why this definition shoyld imply
quantum correlations: (1) The use of minimum vari-
ance is, in fact, equivalent to the use of Roberston
uncertainty incquality [[13]]. in which classic corre-
lations or covariance are extracted, instead of usual
Heisenberg uncertainty relation. (2) It is defined to
be relative to the CSS. thus it is intuitively assumed
to be valid for the state of a subspace to which the
CSS belongs. A state in this subspace turns out to
be a permutation symmetric state or a state of in-
distinguishable two-level atoms.

In this paper, we prove that the intuition was in-
deed correct by the use of entanglement measure. In
fact, we use the concurrence in the study of quan-
tum correlations of indistinguishable particles, be-
cause permutation symmetry of the state allows one
to apply it as a pairwise and N-partite entanglement
measure {14). As a main result of the paper, we
show that the negative correlations in a permutation
symmetric state are quantum ones. Quantumness of
spin-squeezing in the case of permutation symmetry
is an implication of this result. We also make sure
the quantumness of atomic Dicke states [15], which
emits spontaneous and stimulated emissions, by find-
ing the amount of entanglement in these states.

Now we proceed with the main part of the paper.

11. PAIRWISE AND N-PARTITE
ENTANGLEMENT OF
INDISTINGUISHABLE ATOMIC AND
PERMUTATION SYMMETRIC STATE

Let us assume that we are given an assembly of N
indistinguishable two-level atoms or §-spins. The in-
distinguishability means that, the time evolution of
the assembly is governed by a Hamiltonian which is
left unchanged under any permutation of the atomic
labels. Therefore, a permutation symmetric eigen-
state

1/2
BN, K) = 3 '1@1&0@(1\!-:.-)) - (ZJ) 7, Ik,

k

(1)
in the generic 0 and 1 basis arises in the description of
N identical two-level atoms. Here, 3° ., describes
a sumimation over all distinct permutations of N — &
zero's and k one's, and J(J+1) (J = N/2) and m arc
cigenvalues of the operators J? and J,, respectively.
Also, the collective ar’ngular momentuin operator is
defined by Ji = 1 z:\zl o, (k =1x,y,2), where o4 ;

is a PPauli operator for ith atomn or spin-1/2.
The angular momentum states |J,m) are some-
times called as atomic Dicke states and form an or-

perm

thonormal basis (J,m'|J,m) = up in the max-
imum 2J + 1 multiplicity subspace of constant J.

Therefore, any permutation symmetric pure state is
given by

27 2J
[¥) = Zakl-],-] - k)= ch|q’nyvn(N1 k), (2)
k=0

k=0

where a; = (%) s ™

It is well known that an atomic Dicke state |J, m)
displays strong atom-atoin correlations [15]. There
arc 2J + 1 subspaces labeled by different m (m =
-J,=J +1,...,J) and invariant, under rotation op-
erators, thus each subspace may have unique correla-
tions. We single out CSS’s |J, +J} due to their obvi-
ous scparability, thus possessing only classic corrcla-
tions. Another interesting state is the super-radiance
state (m = 0), which has no dipole momentum re-
sponsible for classical radiation so that its sponta-
neous emission must have quantum origin. Then one
may ask, if the other Dicke states are quantum cor-
related or if the stimulated emissions of Dicke state
imply quantum ‘correlations or multipartite entan-
glement and we answer them using an entanglement
measure. ' 3

For the purpose of the paper .it is enough to
use only one specific measure, namely the concur-
rence. - Concurrence is originally defined as Cmix =
max{0,A; — A2 — A3 — A4} for a mixed state of a pair
of spins AD, where A;, A2, Az, and Ay are the square
roots of the eigenvalues of the product papfas With
pap = (0, ® 0y)p%ploy ® 0y) in decreasing order.
Here the asterisk denotes complex conjugation. For
a pure state, it reduces simply to Cpure = 2v/det pa,
where pa = Trgpas. o

Although there is no widely accepted definition of
concurrence for more qubits, the perrutation syin-
metry of the state allows one to apply the above
definition in the following way, as done in Ref. [14],
to define: :

(1) The entanglement of a spin with the other (N —
1) spins is defined by

Cuhole = Cpure = 23/ detpa (3)

with ps = Trpcp..p, i.e., by considering all other
spins except spin A as a single object. In fact, it
turns out to be N-partite entanglement measure for
indistinguishable spins. .

(2) Pairwise entanglement is defined by

Cpnir = Crmix = max{oy A= A2 — Ay - /\4} (4)

with pap = Trepe...p. We refer to Coffman et. al.
[14] for details and just note that Cunole is valid only
for a pure state while Cpair may also be used for a
mixed state.

For calculating these and other entanglement mea-
sures the use of the Clebsch-Gordan composition
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turns out to be much useful tool, since a permu-
tation symmetric statc can be considered as spin-J
state. By considering spin-J as composed of spin-J)
and spin-(J —J,), one may write the Clebsch-Gordan
composition in the following simple form:

[Be(N, k) = Tima B 1@ (207, 1)

_ ® |Ps(N —2J1,k=1)). (5)
For instance, with J; = 1 we can easily write the
reduced density matrix pap = Trep.. | ¥)(¥] as:

{wolwo) (wolw1) {wole1) (wolw2) '\
Heilwo) (erler) {wiler) (pilwa) |

PAB =1 (o1]0) (@iler) {wiler) (eile2) |°
(palpo} (w2le1) {w21e1) (walw2) -
where (pjle)) = LIl ckaiciy; (Vi7) Gid =

0,1, 2), which has at most three eigenvalues due to its
symmetry property. Using the following correlation
sums

~ [(2J

k Croy = {J4), (7N
2. (k )”‘“"* LT
L 2\
;k(k— 1)( k)ﬂkck_z = (J3), (8)
2J
k(3 el = -0, ©)
k=0
2J '
e (f)mu“ =(I-J), (0
k=0
aJ
SR (% ercior = a7 = 2 =
k=0
S AV H W) = sl + LI}, (1)

2
one can express the matrix elements via mean values
of the first and second order momenta as:

J(J = 1)+ (72 + (2J = 1)(J)

(polwo) = NIN=1) ,(12)
(pilen) = %,3(—1—7(:{% (13)
oz} = =D +,§{53:§§"_1)("’),(14)
(ool = &= %;)<J+1>V {N%(_Ji)h +0ed) )
(polpz) = N(_('%t (16)
Biliml = (J - %)(h]il(_N%f-J;‘)]-F +J+J:)_(]7)

It is obvious that extremums of the momentum
mean values are the rotational invariants. Some in-
variants constructed in order to give zero values for

separable states may serve as an entanglement in-
dication or even measure. In fact, as we see later,
the definition of concurrence is a procedure to find
such an extreme quantity defined by mecan values of
the first and second order quantum momenta. In a
similar way, k-partite correlations sums or k order
extreme momenta are useful to define k-partite en-
tanglement measure and this issue will be discussed
somecwhere clse.

Now with Eq. (6) it is casy to see that N-partite
entanglement or concurrence Cynole Of permutation
symmetric purc state is defined only by the mean
spin valuc as

Cuwiote = V1 = ({Ja)/J)?*, (18)
by using
s =358 193,) 09

and {(J)(J-) = (J:)? + (J,)?. In other words, the
extreme mean of first order momentum Jy serves as
an entanglement. measure of a spin with the others or
N-partite entanglement in a permutation symmetric
pure state. As we noted before, it is valid only for a
pure state. This can also be casily shown using the .
composition Eq. (5) with J; = 1/2.

As for pairwise entanglement we need lo use
Eq. (6) in some appropriate frame of reference to
simplify the problem. Under the rotation of the
frame of reference both entanglement and squeez-
ing should not change. Therefore, by applying ap-
propriate rotations one may choose as: (J:) =
(Jy) = 0, {J:) = {Ja). Then by means of a vir-
tual rotation around fi, the extrema of perpendicu-
lar variances are found in the form (J2) = H{(JZ +

L

Jh \/[(I}, = IR + (Joy + JyJz)?}), or we have

(J24+J2) = (J2+J2) and |(J2)] = (J2 -~ J2), where
1 states for minimum variance perpendicular to the
mean spin vector i and T for maximum one. And
finally one may apply the Eq. (6).

In the first, let us consider the case of (JiJi +
JiJi) = 0 in detail, which includes also a state sym-
metric under the exchange of 0 and 1. If we denote
A= (J - 2(J3))/[J(2J - 1)] and B = {J* - (J3) -
[(J3=J3)2+4(2 = (JIN =TI H [T 27 -1)],

then the concurrence simply reads as:
Cpair = max{0,(A - B| -~ (A+ D)}
{ max{—2A4,0} when A< B

max{~28,0} when B< A (20)

|A—-B| when A+ B =0.

“On the other side, one may readily check that
A < 0if and only if Ki7) < 0, and B < 0
if and only if K3% < 0 by using pair-spin cor-
relation coefficient K3 = 3[(o4,400,; + 0uiou;) -
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(0,4 (005 #* {ovi) (o, as follows., In the case
of indistinguishable spins, one casily finds negativ-
ity conditions as K}J, = m5[2(AJ2) /) - (1 -
(J,,)2 /J?} < 0 and K:;Jv = W.%——][(JMJV +Judy) [J -

(N = 1)(Jy) (J.) /J?) < 0. In the principal coordi-
nate system these conditions become of the form

(AJD)/(J/2) <1 or A<D, (21)
27{AJ) /(J2 - Ua)) <1, or B<O, (22)
(Jade + Jeda) <0 (k=1,T). (23)

Thus, we see the equiva.lenqe between the nega-
tive pair-spin correlation (K;J, < 0) and quantum
pairwise entanglement (Cpai; > 0) in the case of
{(Jrdt + JiJi) = 0 symmetry. For instance, the
foliowing simple relation holds Cpair = —Kjf =
(1 — £0)/(N = 1) for spin-squeezed state £, < 1.
The state with A+ B = 0 is outlined in Eq. (20) be-
cause in this case an equality holds for the following
nontrivial inequality

o 1
I = IR - ) 2 (N - 12 (24)
and its concurrence becomes

Cpair = (|11 = EL/(N = 1).

For a general case, an analysis using solution for
Cpair may be complicated, thus we proceed further
using the following simple observation; It may be
easily shown that the criteria Cpair > 0 or a state
heing pairwise entangled is equivalent to the con-
dition Xf + z\g + Ag = 2(MA2 + Aoz + A3h) >0
in a symmetric form, when pappsp has at most
three cigenvalues as in our permutation symmetric
case. The secular equation of Eq. (6) becomes cu-
bic A3 + a2A% + a1 A + ap = 0 due to its symmetry.
Using Newton’s identities A; + A2 + A3 = —a2 and
A1 A2+ A2d3+ A3 = ay one gets a simple criteria for
pairwise entanglement as a? — 4a; > 0 without the
need of solving the equation to find A;. This criteria
may be written in the final form as:

(2(‘]3.)/'] - 1)((']!.-]']“ + JTJ:) /J)2
+(2(I3) T = 1)((J: T+ T d:) )
+(2(J3)/ - 1D)(2(I3) /] - 1)
x[L= ((Ja) /) = 2(AJ2) 1] > 0. (25)
Using the following nontrivial uncertainty inequal-
ity

)
Vorrmammpz? ™

and other trivial inequalities [16] including Eq. (24)
one may show that the following condition is suffi-
cient one for Cpair > 0, i.e., the state to be entangled:

2J3)/J = 1)(2(J2)/T - 1) x
(1= (WJa) 1) = 2(aJ2) ) > 0. (2D)

Finally, inequality (J%) + (J}) > J with Egs. (21,
22,27) says the main result of the paper: negativ-
ity of pair-spin correlations are sufficient condition
for pairwise entanglement in an assembly of indis-
tinguishable spins or atoms.

One implication of this result is that any spin-
squeezed state 1 = (AJ7}/(J/2) < 1 is quan-
tumn entangled and possesses negative pair-spin cor-
rclations. Such a state is able to overcome SQL
even: in the presence of decoherence as shown in
Ref. {12]. As for spectroscopic spin squeezing de-
fined as €g = £, J2/ (J2) we see that more pairwise
entanglement and less N-partite entanglement are
needed to have such a property for a pure state case.
It is interesting if truly N-partite entanglement ex-
ists in the case of a mixed state. Finally lct us apply
the results to some simple but interesting cases.

III. ENTANGLEMENT OF SOME
INTERESTING STATES

Example 1. Dicke state |J,m). It is well known
that the so called Dicke states |J,m:) displays strong
atom-atom correlations. Experimental fact for quan-
tum correlations is that, Dicke states, having no
quadruple momentum responsible for classical ra-
diation, exhibit the super-radiance in spontaneous
emission with quantum origin. Exact quantities of
entanglements for a Dicke state |J,m) are C2, . =
(J+m)(J —m)/J? and

% [\/(J +m)(J —m)—
VU+m-1)[J-m- 1)],

and we see that the states with m = 0 for the super-
radiance is indeed maximally entangled (See Fig. 1).
(Ca =1 for the state |J,0) and C4 = (N? — 1)/N?
for the state |J, 1/2) depending even and odd number
of particles.) Atomic coherent state |J,£.J) has no
guantum correlation Cynale = Cpair = 0 although it
has maximum classical correlation. All states except
coherent spin state (m = +.J) always have pairwise
entanglement greater than & — the half of possible
maximum entanglement, % Dicke states do not. pos-
sess negative correlations and spin-squeezing so that
(Jrznaz> = (J:un) 2 J/2

Example 2. Generalized Schridinger cat-like
state. It is intcresting to consider a symmetric
superposition of Dicke states |p) = \%(Umz) +
|J,=m)). These states are maximally entangled in
the sense that Cynoe = 1. Pair-wise concurrence

is Cpair = max{O,‘f(-;—;—f‘sl} and only the states

with m € [-VN/2,V/N/2] have pair-wise entan-
glement, while the others close to the n-Cat state
715(|J, J)) + |J,=J)) do not (See Fig. 2).

Cpnir =

T T T — |






