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PAIR-ATOMIC EFFECTS IN THE MICROMASER: NARROWING OF THE
LINEWIDTH
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An average Hamiltonian, which contains pair-atomic effects, is used to develop a theory of the
micromaser. A modified master equation is derived and hoth a steady-state and a time-dependent
solutions are found showing that the trapping conditions are disturbed by influence of two atomic
cvents. An approximate as well as an exact spectrum arc calculated and narrowing of linewidth is
demonstrated within the framework of presented theory. '

I. INTRODUCTION

Maser action has been achieved with, on average,
less than a single excited atom in a superconducting
microwave cavity. [1]. Rydberg atoms, i.e., atoms
having extremely large dipole moments for transi-
tions to neighbouring levels, have been used in this
one-atom maser or micromaser. Owing to very high
quality factors @) achieved in the cavity, the photon
lifctime was much longer than the flight time of the
atom in the maser cavity [2]. A Fizeau-type veloc-
ity selector [3] can then be used in accordance with
the preselection of the atomic beam velocity. Since
the atomic flight time can be almost fixed, one can
say that the micromaser fulfills, in an almost perfect
way. the idealized conditions of Jaynes -Cummings
interactions. Under this circumstance, the field pro-
duced in the cavity shows nonclassical propertics [4],
i.c., the number distribution of the photons in the
cavity can be sub Poissonian [5]; even a number
state (6] or quantum states [7] can be generated using
a cavity with a high enough quality factor. One of
the very intriguing features of the micromaser is the
possibility of obtaining the so-called trapping states.
They are a direct consequence of the quantization of
the electromagnetic field and just recently, they have
been found experimentally [2], where the maser was
purnped with a low atomic flux. Although, experi-
mental schemes with only excited atoms show that
if the Held reduced density matrix is initially diago-
nal, it remains diagonal and studies of phase diffu-
sion show how to create off- diagonal density matrix
elements by preselecting a phase of atoms injected
into the cavity [8]. The spectrum of the micromaser
originating from the presence of ofl-diagonal matrix
clements has been investigated [9) [12). A thcory
of the two-photon micromaser [13] has been devel-
oped and experiments have been carried out [14].
The linewidth of a two photon micromaser has also
been investigated [15]. However, for higher pump
rates, the probability of two atom events will be
non zero (2, 16] in the micromaser cavity, because
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we could not strictly control the time interval be-
tween the arrival of two atoms.. However, besides
the usual one-photon transition, the presence of a
second atom can cause two—photon transitions {17).
Co-operative atomic interactions in a single mode
laser (18] or two atom laser [19] have been exam-
ined, too. :

In the present paper, we focus ourselves on the
presence of the successive pair atomic cffects in
the micromaser cavity and study how quantum
co operalive effects can modify the standard one
atomic operation. To do this, we adopt. an average
Hamiltonian which can approximately describe the
co—operative interactions in the micromaser. Based
on derived master equations, we find the steady
state solution and spectrum of the micromaser ra-

" diation.

II. MASTER EQUATIONS

We concentrate on a little influence of the second
atom on the first one, similarly, as was considered
in previous two works by Orszag et al. [16] and by
Wehner et al. [17]. In standard micromaser exper-
iments the collective events, in which two or more
atoms are inside the resonator at one time, are very
rare. Although, whenever two atoms are prescnt
in a microwave cavity, one can model the system
by a Hamiltonian in the interaction picturc and in
the dipole and rotating—wave approximations as fol-
lows [18, 19]

A = Kgias{ +giate1) @ 1o+ h(ga06) + g3d'aa) @1,

(1)
where o; represent the Pauli matrices for atom num-
ber ¢ (i = 1,2) and they satisfy an identity 1; =
la)ii{al+|6):i(b], if the upper and lower levels of the i-
th atom are denoted by |a); and |b);. The coefficient
g1 is an atomn -field coupling constant and g, stands
for |g2| = Algi1|, where A « 1, in general, they can
be complex. In fact, for onc atomic event we have
to change the system Hamiltonian by a standard
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Javnes Cumnings model, where A = 0. More real-
istically, the Hamiltonian should be time-dependent,
so that, A could be expressed, for instance, using the
usual step function depending upon the time inter-
vals that two atoms are in the cavity. The usc of the
step function in the Hamiltonian has been adopted
by Scully et al. for the problem of a simple Langevin
treatment of the laser linewidth including atomic
memory effects [20]. This treatment assumes that
two—atomic events are very rare. In this spirit, we
can correct this calculation by adding a small term
to the standard Jaynes Cummings Hamiltonian, as-
suming that it is a constant, i.e., A =constant. This
coefficient can be estimated only numerically. The
usc of this average Hamiltonian (1) cnables us to sce
the qualitative characteristics due to the two atomic
events. The system may be described by means
of the basis |a)i|a)2, |a)1|b)2, |b)1la)> and [B)1]b)2,
therefore, the Hamiltonian can be written as

01 g26 g1@a O

= g>a 0 0 ga

H= giat 0 0 ga |-’ )
0 gjat giat O

The equation of motion for the wave function |¥) for
the atom-field system is

d i
TN = —EH|\II(t)). 3)

At any time t, the state vector |¥(t)) is a linear com-
bination of the states |, #,n) in which the first (sec-
ond) atom is in the state |a) (|3)) and the field has n
photons with the probability amplitude, say, Cagn,
therefore, it rcads

12()) = 3 (Caan(t)la,a,n} + Casn(t)la,b,n) -

+ Conn(8)lBrayn) + Coon(8)b,b,0)).  (4)

The interaction energy (1) can cause transitions be-
tween the states |a,a,n), |b,a,n+1), |a,h,n+1) and
|b,b,n + 2). Therefore the equation (3) becomes

2.C(t) = M), (5)
where
CC'ﬂﬂﬂ(t)
— abn4-1 (t)
CO= | Goami(t) | w0
Coin2(t)
M=
0 gvn+1 givn+1 0
gvn+1 0 0 @vnt2
givn+1 0 0 gvn+2 |7 .
0 givn+2 gvn+2 0

In the micromaser experiments, the atoms enter the
resonator in one of the Rydberg states of the maser
transition and emerging atoms are probed for being
in one of these two states: If at an initial time ¢,
the atomns are in their upper level, then we find the
probability amplitudes at. the later time ¢ + 7 as [18]

Caan(t + 7) = AL (7)Caanl(t),

Cabn(t +7) = AL (1) Caan-1(2),

Cran(t + 1) = A (1) Caan-1 (1),

Copa(t +7) = A, (N Cann—z2(t),  (8)

with
_(an+ 7)51\1"3‘ 9% - ﬁsin()\aT)),
A = ST Mt D R D g,
_(4n+7)g3 — gf — ﬂsin(Aar)),

As

AW = 29195 v ("; Din+2) (cos(A;7) — cos(A3T)) (9)

where 8 = {(g% +92)2 +16g%g2(n+1)(n+2)}!/2 and

1 -
Mg = mﬁ{(gf +¢3)(2n + 3) = ((9 + 93)2(2n + 3)?

~4(n +1)(n +2)(g} ~ 62)*)'/?}/%. (10)

Let us compose the master equation for the micro-
maser which is modified by two-atomic events. On
the basis of the density matrix elements we have the
expression as

Pn,n'(t + T) = Crmn(t + T)C;an' (t + T)

+Cabn(t + T)Clpn (t + T) + Chan(t + 7)Ciop (£ + 7)
+Chon(t + T)Chpms (L + T) (11)

and at the initial time it is expressed as pn n (l) =
Caanf{t)Cion(t). In order to obtain the equation
of motion for the reduced density matrix of the
maser field, we consider the coarse-grained deriva-
tive as [20]

dppn _ _ s
(T)W = 10 [ (E+7) = prme @], (12)

where r, is the rate of injection. This term describes
the change in py ns(t) due to a pair of atoms inter-
acting with the field for a time 7. The damping term

cos(Agvj).
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is given by [20]

(26)  ==Z(wn+1)n+npnm(t)
+7(An + 1)/ (n + 1) (0 + Dpatin+1(8)
- %ﬁ,‘h(n + 1+ 2)pan (t)

+yp VIR pn -1 -1 (1); s (13)

here 7, is an average thermal photon number inside

the cavity and +y is the cavity decay. The equation
of motion can be written in the following form

fll)n n’ (dpn n’ ) -
L. : +(£p
dt dt i ( )n,n'

Substituting the expression (8) into (11) and using
(12) and (13), the equation of motion becomes

(14)

/.Jn,n’ = Qa,n'Pnn’ (’) + Cpn—1,n"-1/n-1,n'—1 (f)
+dn+l.n'+] Pll+l.rl'+] (t)
+en-2nt-2Pn—2,n-2(t),

(15)

where the dot on the symbol denotes the derivative
and the coefficients read

Qupr = —To(l — AL”(ASLI,))') -
n+n'

-yl +n' + 1)+ —2-),

o 2)ye 3)\»
e = 1o (AR (AR 4 A® (A8 4

+yiuny/ (0 + 1)(n' + 1),

dp e = Y(fen + Dvan', epn = TGAS:”(AS:,))'_

It is clear that for n = n' equation (15) determines
the probability of finding n photons in the cavity in
the time £ + T,

f’n(t) = Ppn = an,nPn(t) + cn—l.n—an—l(t)
+d‘n+l.ﬂ+1Pﬂ.+l(t) + en—2.n—2Pn—2(t)a (16)

where the coefficients read

Apn = "'7'11(1 - |A5r.l)|2) - 7(ﬁl-‘l(2n T 1) + n),

G = (AL AR + Yien(n + 1),

E dﬂ,ﬂf}"‘ ')’(ﬁ-th + 1)“; Cn,n = ra,As;I)Ig'

As is seen from (16), besides the cocfficients an.n,
Cn. and d, n associated with the usual one-photon
l,r.-;.nsition probabilities, the presence of the second
atom leads to a new coefficient. e, n associated with
two-photon transitions. Ope can see from the ex-:
pression that e, ~ A% & 1;-a8 is expected. It may
also be noted that [18, 20] = st £

ann + Con +dnn tEnn = 0. (17)

A. Steady-state solutions

Now we deal with the steady-state problem of
(16). As is mentioned before, the influence of the
two atomic events is rare, therefore it is physical to
consider a steady-state solution in which the 'flows’
of the energy in and out the cavity compensate. The
steady-state photon number distribution can be ob-
tained from (16) by taking

P(n) =0. (18)

We can express the steady-state solution as a prod-
uct. of continued fractions [18], so that

P(n) = P(0) ] @, (19)
k=1
where
Bi-1
ar_1 +
i i I ——s ‘—B"LQ?TT
@k = 7— ' Q-3+ == J
k. k . ]
u|+;#
(20)

with ax = cp x+ex x and By = di reg..1 k-1. This ex-
pression for P(n) completely determines the photon
statistics caused by co-operative atomic cffects in
the cavity. Figure la shows the normalized average
number of photons | = (n)/N,z, where N, = rofy
is the average number of atonis that traverse the cav-
ity during the lifetime of the field as functions of the
dimensionless parameter @ defined as [5]

8 = (Nex)'2ou7 2D

for N = 49. As has been mentioned
Meystre [21] for very-low temperatures (with
erage thermal photon number 7, = 1077),
steady state photon statistics of the microms
are strongly influenced by the existence of trapp:
states. (Note that for higher resolution the dips be
come morc distinet.) In contrast, from figure 1b,
one can see that these peculiar features of the one-
atom maser are almost removed by a little amount
A = 0.0l of co- operative effects involved in. Nev-
ertheless, for a not very high atomic pump rate,
N.; = 25, the ’hallmarks' of the existence of trap-
ping states, i.e., the dips in figure 2a, are still remain-
ing their features when A = 0.01 (see figure 2b).
In general, we could say that the presence of two-
atomic events in the cavity disturbs the trapping
state condition and an atom can emit a photon.

o

B. Time-dependent approximate solutions

Fur.thcrmore, ‘a modified Scully Lamb master
cquaupn (15) can be written in a detailed balance

.
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form as [20]

AU = X + 2 o1l ()
=dP ol (1) — 0 (1) + 1L (1)
+e (k} UA (t) _ e(L) (l.)(t)

n-2

(22)

where we substitute n' = n + k, rewrite p, () =

k K k 3
P, G = ald, Cnn = e, dpg = dY7,
e e“') and

a.n’' — €En

X&) = o) 4 B g} e (23)
This type of detailed balance master equation was

uscd in [20} in the onc atom mascr theory. In that

case, the coefficients et® and e o do not appear,

Using the fact that ol = c”‘) =d = N =

em 0, the sum over n in the equation (22) sxmply

bu,ome.s

o0

Zp‘”m =3 (xPeP®). (@

n=0

which has as a solution

Pl () = pl) (O)exp(x‘“a (25)
Note that if the density matrix is initially diagonal,
then it remains diagonal for all time.

IT11. CALCULATIONS OF THE SPECTRUM

We now turn to the calculation of the micromaser
spectrum which is originated from the simple Hamil-
tonian (1) including pair-atomic effccts. Although
the spectrum of the micromaser cavity field is not
directly detected, it can include many of intcresting
features. The micromaser spectrum is given as the
Fourier transform

00
S(w—we) = Re / K(t)e (@—welt gy (26)
[
of the two-time correlation function
K () = (a'(t)a(0)), (27)

which is related to the time dependence of the off-
diagonal elements of the field density matrix. Here
we denotes the frequency of the cavity field. The
central problem of the calculation of the micromaser
spectrum is therefore to find the time dependence of
K(t). In the next stage, we consider two different
but equivalent methods calcnlating the linewidth of
the micromaser.

A. Exact numerical method: Eigenvalue
approach

We mainly follow the work by Vogel et al. [11]
and investigate how atomic co- operative effect docs
modify the exact spectrum of the one atom maser.
The two-time correlation function can read

K(t) = Try, [U‘(t)&*(O)ﬁ(t)a(O)ﬁ!‘r(O)] . (28)
thus,
K (1) = Try [a' (0)5(0)] (29)
with
A0 = T [0(0a067- 0], (30)

where the time evolution operator of the combined
field (f) reservoir (r) system is used. In the Markov
approximation the operator j(t) satisfies the same
cquation of motion for the ficld density opcerator g,
but with the initial condition

p(0) = @(0)4(0),

and, consequently, we can choose the steady-state
solution of the ficld density operator p(®) as the initial
condition, that is,

e

p'n,n+1(0) =vn+ 1Fny, (32)

where the steady-stale photon statistics P(n) are
given by (19). In the next stage, after performing
the trace in (29), we find

=)
K(t) =3 Vi Tpnn(t). (33)
n=0
As in [11], one can interpret the matrix elements

'(“(t) as the nth component of the vector x*(t),
ic.,

(xMw) =P, (34)

Reralling that A (t) satisfies (15) with A% () re-
placing p,. )(t) the equation of motion for the vector
x(¥)(¢) becomes

x(¥) — Q(k)x(k), (35)
where the matrix Q(*) is composed of four diagonals,

while in the one- atom maser theory, it is composed
of three diagonals, with the elements

. 5 k k
Q&’:L = agk)s st 3)-0-1 = dS‘H‘)-ll
; (36)
k (k — (k)
lek,i)m-l - Sl-zl' Qﬁ n-2 = “n-2-
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Since only x()(¢) be needed to determine K(t) ac-
cording to (33), the time dependent solution of (35)
(for £ = 1) can be found

xN() =3 B AN, (@37)
i

with the initial condition [x(V(0)] = 51(0), and

we have to calculate the eigenvalues A,m as well as

the right and left sided eigenvectors A}” and BI“)

of the matrix Q" respectively. The Fourier trans-
form of (33) '

[ =]
S(w—w) = Rez H

R (38)
=0 ,\51) + i(w — we)

is then the spectrum of the micromaser, where

K = fj Va+l i (4) (B") &

n=0 m=0

- [i\/m(f;{”)n} x

n=0

X [i AFT(5)

m=0

Pm+1] . (39)

It cousists of Lorentzian distributions, weighted by
K,. The full width at half maximum (FWHM) of
each individual Lorentzian distribution is the real
part of the eigenvalue 2)\}”.

B. Approximate analytical solution:
Green—function approach

We first express the correlation function (27) with
the help of the Green-function of the master equa-
tion for the ficld density operator following the work
by Tran Quang et al. [9]. We can rewrite (28) as

K (t) = Trz,e [61(0)0 (13007, ()0 ()]

=S G OVI+D)(m+ DPntr,  (40)

IL.m

where the Green function Gf';'le(t) with the initial
condition Gy141(0) = &y, is a matrix element of the
operator

Gy = Tr, [O()m)(m + UAIO'W] (4D

with Ujx = (j|U(0)|k) and U], = GIU'(@)Ik). To
obtain (40), we have assumed thatl at the steady
state, that is at time t = 0, the density opcrator
p7.-(0) can be factorized into that of the field p(%) and

the reservoir f)ﬁ’) and the steady-state field density ’
matrix is diagonal. Notc that the operator G(™)(¢)
must abey the same master equation as the field den-
sity operator p(1). Therelore, it is clear from the ob-
tained solution (25) that the element of the Green
function does take the solution ' o

e 8]
G.S.H?l(t) = Jﬂ_,"exl g’ (42)

where X" is given by (23). Subsituting this solution
into (40), we obtain

K(.o,)=z(m+1)Pm;;e"i"‘. ©(43)

The unnormalized spectrum (26) immediately be-
comces

o (n+ 1)Pay, | X5V
Sw-we) =Y — . (44)
n=0 (Xl(l )) + (w— we)?

using the fact that XM < 0. This is a sum (on n)
of Lorentzians, each with linewidth 2 lX,‘.”I.

IV. DISCUSSION OF THE RESULTS

Now we demonstrate that the approximate spec-
trumn matches the exact one much more accurately.
To do this, we solve the equation with respect to Aw

Iv + Aw) = %I(u) (45)

(where v is the micromaser frequency) for the spec-
trum (44), in order to find the approximate FWHM
2Aw,,. We also apply such a search routine to the
exact spectrum (38), to determine the exact 2Aw,.
We show in figure 3 the approximate linewidth along
with the exact linewidth for N, = 50, fi;, = 0.0001
and A = 0in range of the pumping parameter 8. The
dotted curve represents the approximation while the
solid curve represents 2Aw,z.

In figure 4, the approximate and the exact
linewidths are depicted in the case of non-zero A.
We sce that cven for this case, the two spectra are
close each other. As is seen from figure 5, the little
narrowing of the natural linewidth is obtained when
the one atomic behaviour in the micromasecr is influ-
enced by the pair-atomic events.

In conclusion, we have dealt with the modification
of the micromaser theory, from the view point of the
presence of co-operative atomic events. A standard
Jaynes—Cummings Hamiltonian has been modified
bylth.e effect of the pair of atoms. The probability
amplitude method has been adopted to find the solu-
tion of the equation of motion, which is the modified
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s

= 0.0001, & =0

urve) and the exact specryp, (the
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3ypar. 4: Comparison of linewidths FWHM/~ of the approximate (the dotted curve) and the exact spectrum (the
solid curve), where Nz = 50, fi,n = 0.0001, A =0.01.
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3ypar. 5: Comparison of linewidtlis FWHM/y calculated by the one-atom maser theory (the solid curve) (as in fig-
ure 3) and the presented (heory with including co-operative effects (dotted curve) (as in figure 4).




