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Alternative modification of KBM for solving equations of TE wave
spreading in depth of kerr substrate with linear absorbtion

G. Ochirbat, D. Gangtulga

Theoretical Physics Laboralory, National University of Mongolia

KBM method, specialy modified for solving a pair of first order differential equations for TM wave
spreading in depth of kerr substrate with linear absorbtion, is used to solve the same problem in
the case of TE polarization. Solution, obtained by this allernative modification of KBM, is in full
agreement with the solution to Helmgolts's equation, previously found by another modification of
KBM. It is shown that the one of asymptotic series obtained with the method is convergent.

Papers [1-5] are devoted to solving problems
of propagation of stationary light waves in
media with absorption. In [5] methods of Krilov-
Bogolubov-Metropolsky is modified to solve a
set of two Maxwell's equations in propagation
problem of stationary optical TM waves in
nonlinear substrate with linear absorption. Our
purpose is to apply the scheme used in [5] to
the same problem of TE waves.

We consider a nonlinear differential equation
of the form

d’ (‘[ (=)

5 -+ (=5 +e)e( )=0 (1)
e=e+id+a e(;)[ .
Where & = 47TU.€ is a dielectric constant,
w

o is a constant, o is a conductivity.
For the linear case , we get solution of (1) in
the form

e(z) =e, = u,exp(inz +iy,).
Where  u,and v, are constants,

N=g+id,g -2 =y, =2Agand 1>0 .
An idea of the method[5]

Let us find a solution of (1) in the form

¢ =u-exp(iy) -
(3)

for the caseof a=0.

Then u and y can be determined by the
following equations

‘T{E." = —Au +au (i) + a1, (1) +++
@

d_(/./ =q+av () +a’vi(u)+-o,
(5)(- .

Where u, and v, (l=1,2,'...) are real valued
functions of u. d

Substituting (3), (4) and (5) into (1) and
comparing coefficients of identical powers by
wr, we find:

1 24
u=oa, o = ———,
! 2g° +84°
(6.1)
v, = (12_ M —
=8 A= PRTyER
(6.2) .
", =a,ai, . = 46(,[1([ —/3.(90!,' _-’ﬂ:_)‘
T i 184" + 7(124
(6.3)
v,=Bd. B= o il Al .t . )
-7 i 2Aq
(6.4)
There are relationship between «, and
B, by
- -l

Z{’Jﬂ)a%., @ 2ia, 248, ZB/@L, =Q

(7.1)
2“2_: (n+1-)ea,B,., +2qa, -2n+2)Ap3,=0

1=l

(7.2)

Where «, and g,
formula(6.1) and (6.2)

It has been shown that the series

(expansion) (4) and (5) would be convergent
for the case a)A=0andb)g=0. the limits
of which are coinsided to analitytic solution.

Now we will solve problem(1) in the same
way as in [5].

Equation(1) can be represented in its
equivalent form

are determined by

dH "
E=(E =B )e(z)
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' dz
Then for a = 0formula (8) and (9) imply

il =(g+id—B)e,
d-
(10)
d__p
d=
an
The solution to (10) and (11) can be found in
the form
H ="
e=u,e'”
(12)

Substituting (12) into equality (10) and (11)
we obtain the following homogeneous system
of equations

‘ inh,=(e+i6 - B,
inu, =—h,
(13)

The condition that the system of equations
has a nontrivial solution is:

in —(g+id- )
il in

Thatis n° =e—- B° +i6. If we assume that,
n=q+iA,,then we have

G-l =e-P =y, 5§=2qA

det =0

Whence

Y A RN A Y- &
(—(3—) —}L'=70rﬂ‘=——7+-£—+—.
24 2 2

So, we have a general soluticn of the form

H =k exp(—Az +igz + iy, )+ I exp(Az —igz +iy,),

e =u, exp(—Az +igz +iy,) +u, exp(Az —igz +iy,).

We set/i;, =0andu, =0, , because the

propagating along to depth of substrate and
damping wave is considered.

Let us find a solution to (8) and (9) in the
form :

H=he""
le=u-e"
(14) :
with a # 0. ,where u is a real number, h is a
complex one.

Then u.y, and 4 can be determined by

the following equations

du ) 5
— = —Au'+au+au, +....(9)
(15)
dys
d=
(16)
h=h,+ah+a’h, +..,
(17) :
Where #, and v, (i=1.2,...) are real valued
function of u,and A (i=1,2....) are complex

valued functions of u.
Taking into consideration equality (15)-(17),
we obtain from (14)

=g+av +a’v,+..,

dTH = {(l%t, +ah + ...)(—lu +tau, +..) +
dz

+i(hy +ah +..) (g ++av, +..) e,
(18)
de . iy
Zz{(—/’lzt++afu, +.) +iu(g+ay, +...)}e ,
(19)

Where h (i=1,2,..) are derivatives of A,
with respect to u.

Substituting (18) and. (19) into (8) and (9)
and comparing coefficients of identical powers
by a , the functions v, and A,
(i =1.2,...) are found in the foliowing ways.

The “zero” power of the a implies

—Juh, +igh, = (8 +id - fF ) u
—Au+iqu =—h,.
that is
hy=(A-ig)u.
The first power of the is:
—Auhy + by, + ik, + igh, =’
u, +iuv, = -h,.
(21)
From equality (20) , we get
hu, + ibyy, = (A= iq)(u, + iy, ).
(22)
And with (21), bearing in mind (22), we
obtain
~Auby +(2qi - A) B =4’
(23)
Let us find a particular solution to (23) in the
form '

3
hy=—var.

Then (23) implies
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E

Vl = —""‘—'-"—'
4A-2qi
(24)
Furthermore, assuming that vi=a,+if3
,we obtain
' 24
o) =——5—,
2 +84°
(25)
_ q
A 2¢° +84%°
(26)

Then, the second equation in the system of
equations (21) implies
u, j—-a,u".
(27)
v, = S,
(28)
Finally, we have

n=l . =l
Z/r,un_j — Auh, + I[Z hv,_ , + /@,qj =0

1= =0
(29)
u, +iuv, =—h, (30)
for the n-th power of the «.
From equality (20), we also get
By, +ihyv, = (A—iq)(u, +iuv,). (31)

With "(29)-(30), bearing in mind (31),’ we
obtain:

n-1 . n—|\
ha,  +Q2qi—A)h, —/"uh +.'le

=l 1=l

=0.

l"l

32
( F)inding a particular solution to (32) in the
form _
h, =—vu™",
(33)
For v we get the following recurrent relation

w |
Z 2j+Nvea,, +(2qi- (2n+2)AN, +
= (34)

n=1

J"Z\’/ﬂ”_’ =0
=1
It is easy to show that the formula (34)
coincides to (7.1), (7.2) . if we assume
l'l :a’ + [)’, (j = 1,2,...1’1).

Thus we have shown that the solutions found
by different methods, are the same.

Convergence

At this stage we able to fmd any coefﬂcnents -
of the series (17), usmg (33 ) and ‘recurrent
formula (34)

h= —z:{(iq—l)+v, [uza:|+...+v" [uza]’ +}

(35) _
Where v, are given by (33)_. ‘
If the series (17) is convergent in same
region then the function e(z) will be defmed by
the lntegral

=- _[h " (.

(36)

In other words we have found not only
asymptotic but also analytical solution.

For this purpose, let us prove the following
lemma.

Lemma
Sk, =2k,
1=l
(37)
Where
11 | o
k”:-2-(5—|)...(§~(I1T—|))(II!)l (:12])_‘(38)
Proof '

Using Taylor's formula for the function
(1+a)"* , in a neighborhood of the point a =0
and bearing in mind (38)., we obtain:

1

C(l+a) -l=ka+ka +.+ka ..

(39)
Squaring (39), we get

I 2 .
{(i +a ) - l} =k a® + (kk, +kk)a' + ...

-1\
+(Q k,k, o+
1=l

(40)
It is easy to show that

1
2(l+%a—(l+a’)3)=

Z{I +k,a—[l +ka+..+ka" +]}
(41)
Using

{(uaﬁ —|}2 =z(1+%a—(l+a);] and

comparing formulas (40) and (41) , we have

n=|

z klk”‘l = -Zku'
1=1

the equation
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Thus the proof of the lemma is complete.
Now we consider the following sequence.

(42)
Corollary
1d-n. (~-—(n—1))
¢, =27k, =(~1y'2 22
n!
(43)
Proof

We shall prove by induction
1
¢, =(=1°2' o= ]

= n=1

=2, = 2B k(Y E

11

=(_|)u-]2_n~ Zk, 2 "‘(—l)”z:"—l k".

Consider sequence
I i n=|

=—. = L
/‘11 22. llu 2)‘"=|}',An,
(44)
It is easily proved by induction that
— ——l -—(n-1))
e ])"2(2 )( (=1
" Z/f" - A ‘n!
(45)
Using the substitution
g, = v, +v, ‘
2
5 v, -V,
2

We rewrite (34) in the complex form

a-1
> U,
=1
v o=

" -2qgi+(2n+2)A
Estimating by module we have

=
Sesobihl |
v} < = =g

(2n+2)/1 22
| =

\/4q +164*

It is easily shown that
|".,| <u, torany n=12...

Wiy )+ VY, )";

. Solution,

Thus we have found major series with
coefficients, which have estimated the series
(35) by module.

The sufficient condition that the series (35) to
be convergent is

a (46)
=},

In fact, according to Dalamber's criterion, we
have

A n4l 5 n-__'l‘ 4
/‘,m[” a] wa . 2 uwa

lim — =——lim ey
S R T

. Conclusion

KBM method, specialy modified for solving a
pair of first order differential equations for TM
wave spreading in depth of kerr substrate with
linear absorbtion, is used to solve the same
problem in the case of TE polarization.
obtained by this alternative
modification of KBM, is in full agreement with
the solution to Helmgolts’s equation, previously
found by another modification of KBM. It is
shown that the one of asymptotic series
obtained with the method is convergent.
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AyruantT

LyramaH WWHraanTT3lk Kepp cyypb OpYHbI
ryH pyy Tapax TM aonrnoHbl Harayraap apamba
Oyxun  xoc auchdepeHumans  TIrWATCAN
6oaoxoa ToxupyyncaH KBM apreir TE
TyAnwpanTak Toxuong MeHxyy Goanorbir
6opoxon, X3p3rnas. KBEM-viH 3HIXYY-
xyBunbapaap oncoH wwvina He enbMronbuniitH
TarwmTranuini  KbM-uitH  eep  xyBunbapaap
ypbA, ONCOH WwunaTan ar Toxupy Ganaa. dHa
xysunGapaap OfICOH HAr aCMMNTOTUK LyBaa
HWWAIH3 raXk xapyynas



