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Exact Solution of Two-Axis-Twisting Hamiltonian in Bose-Einstein Condensate
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In this Paper, we have dealt with two-axis twisting Hamiltonian for spin squeezing, which is
experimentally implementable in Bose-Einstein Condensate, and have found an exact solution by
two alternative methods. Many other important nonlincar Hamiltonians could also e solved exactly

in a similar way.
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I. INTRODUCTION

It is well known that nounlinear Hamiltonians play
“‘important role in preparing and manipulating quan-
‘tumn correlations or entanglement. For instance,
nonlinear Hamiltonians of collective spin syslems,
namely one-axis and two-axis twisting models, are
suggested for demonstrating a spin squeezing con-
- ¢ept [1]. Astonishing experimental advances in Bose-
Einstein-Condensation (BEC) [2-5] and ion traps oc-
curred in the last few years open interest to many
nonlinear collective Hamiltonians including these
two nonlinear model of spin squeezing. One-axis
twisting model has an analytical solution but, at
our knowledge, no exact solution to two-axis twist-
ing model is reported so far. Numerical calculation
is also fairly difficult due to its nested complexity of
commulation relation between two nenlinear terms
of thie Hamiltonian.

In this Paper, an exact solution of two-axis twist-
ing model for spin squeezing will be given. This Pa-
per is organized as follows. In introduction part, we
Lriefly discuss about BEC, especially Hamiltonians
of two-mode BEC, in order to make clear the busic
physics of many interesting nonlinear Hamiltonians
like one-axis twisting and also two-axis model of spin
squeezing that can be implemented in such a system.
Since our simple purpose is to demonstrate an ex-
act solution for two-axis twisting Hamiltonian which
covers the main part of the Paper, we omit impor-
tant discussions regarding on physical processes and
applications of BEC, but there are many good re-
view articles [6-8]. We will be interested only in the
cvolution of entanglement and squeezing ol an ini-
tial CSS under two-axis twisting Hamiltonian based
on the results of Ref. [9]; numerical results are given
the final part. Our approach to the problem may also
be applicable for other interesting but not yet solved
nonlinear Hamiltonians implementable in BEC.
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II. SHORT INTRODUCTION TO
BOSE-EINSTEIN CONDENSATION

BEC is predicted 1924 by A.Einstein on the basis

of ideas of S.Bose concerning photons: In & system
of particles obeying Bose statistics and whose total
number is conserved, there should be a temperature
below which a finite fraction of all the particles “con-
densate” into the same one-particle state. In such
a condensed state all atoms are absolutely identi-
cal and all together behaves like a “super molecule”.
Einstein’s original prediction was for noninteracting
gas, but after the observation by Kapitsa the super-
fluidity in liquid “He below the critical temperature
of 2.17 in 1925, F. London suggested that despite
the strong interatomic interactions BEC was indeed
occurring in this system and was responsible [or su-
perfluidity.
. Finally, BEC was created in 1995 on vapors of al-
kalis (rubidium, sodium and lithium ete) trapped by
magnetic fields [2]. These experiments where so re-
markable that a small sample of atoms was cooled
down to ouly a few billionth (1079) of a degree
above Absolute Zero by using laser cooling and then
by evaporative cooling. Since then BEC becomes
so hot topic of experimental and theoretical study
that there are several hundred scientific papers al-
ready published. And the creators Wolfgang Ket-
terle of the Massachusetts Institute of "lechnology
(MIT) and Carl Wieman and Eric Cornell of JILA,
an interdisciplinary research center in Boulder, Col-
orado, have won Nobel Prize in Physics, in 2001, for
their work in making and understanding BECs.

System. So far the BEC has been realized
in 8"Rb, ?*Na, "Li which has nuclear spin-3, and
much work have been devoted in implementation
on vapors of cesium, potassium, and metastable
helium. Recently BEC has been impleniented on
85Rb which has nuclear spin-%. In dilute and cold
gases three-body collision are very rare event (~
10-%9 — 10~30%cmSsec™!), and hence atoms can stay
in metastable gas phase before freezing to solid phase
for o reasonable time of observing BEC (from a few
second to a few minutes), even at such a low temper-
ature (lypically a few tens of nK— ~ 50pK). The
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reason is that the forination of the solid requires as
the first step the recombination of two atoms to form
a diatomic molecule, and while this process is cer-
tainly exothermic (with formation energies typically
~ 0.4 — 1.2eV) it is very slow in the absence of a
third atom to carry of the surplus energy, angular
nomentum etc.

Typical number of cooled atoms arc ~ 102 —
10"and their densities range from ~ 10! o ~ 5 x
1015, Therefore they forms almost macroscopic sys-
tem directly measurable with optical method. Typ-
ically the average distance between atoms is more
than then times the range of interatomic force so
the gas is very dilute. Therefore two-body interac-
tion plays mnain role in nonlinear interactions among
the particles. Another well-known fact that these
gases are highly inhomogencous has several impor-
tant consequences. The condensate can possess both
momentum space and also coordinate space and al-
lows one to study many important quality like the
temperature dependence of the condensate, energy
and deunsity distributions, interference phenomena,
frequencies of collective excitation and so on.

Definition. Penrose and Onsager [10] have gen-
eralized the concept of BEC to interacting Bose sys-
tems in 1956. A system of N boson is considered
Bose condensed (single condensate) if its single par-
ticle density matrix has a single macroscopic (of or-
der N) eigenvalue. The corresponding eigenfunction
is identified as the quantum state macroscopically
occupied. Hamiltonian of the single BEC is modeled
as follows: nonlinear interaction between the parti-
cles are basically two particle interaction since three
particle interaction is very rare as said above.

It is well known result that low energy scattering of
two particles interacting via a central potential V(r)
is defined by only one simple parameter called s-wave
scattering length a, which may have either sign de-
pending on the details of the potential (negative for
attraction and positive for repelling interactions). In
general it depends on chemical and isotopic species,
hyperfine indices of the two atom and even on mag-
netic or laser field and are experimentally determined
for every species. The fundamental result for alkali
gas system is that the true interaction potential of
two indistinguishable atoms of reduced mass m,. may
be replaced by a delta function of strength

8rhla,
m

U(x) =

§(x) (1)

and sometimes called as §-pseudopotential or binary,
contact intcraction approximation.

Under this approximalion, sccond quantized

Hamiltonian for BEC can be written in the form
" K2
= t I v 2
H fdxzb (x) [ 2mV + (2)
. 1 . . "
Vel 9(x) + 39 [ i (OB (e

where Vi (x) is a trap potential, %! (x) and P(x) are
atomic field operators which create and annihilate

atoms at position x, respectively. They are bosonic
operators:

Pwiw] -0 o

This single condensate interpretation .is good
agreement with most experiments on magnetically
trapped alkali atoms. On the other hand, optically
trapped condensate has more interesting properties
becausc all spin state are also trapped and nature
of condensate will depend on magnetic interaction
between different spin states. In other words, the
ground state of optically trapped BEC may have
more than one macroscopic eigenvalue in its reduced
density matrix and called fragmented BEC by in-
terpreting the particles being localized in potential
wells. Such fragmented condensate can be regarded
as having many different condensate interacting with
cach other. For spin-1/2 case one may have two com-
ponent BEC, and for spin-1 case one may have three
component BEC.

Double-well or two component BEC.

Recently, great deal of eflort has been made on
the system consisting two (weakly) interacting BEC.
Such a condensate system in principle, can be pro-
duced in a double trap with iwo condensates coupled
by quantum tunneling and ground collisions, or in a
system with two different magnetic sublevels of an
atom, in such case the two species of condensates
correspond to the two electronic states involved. For
instance, in JILA experiment two condensates were
prepared in two different internal atomic states by
using a single two-photon coupling pulse and rela-
tive phase of the components were measured [4]. One
important property of two-mode BEC is that there
is not only nonlinear self interaction butl also inter-
species nonlinear interaction.

Therefore, in the formalism of the second quanti-
zation, general form of the Hamiltonian for two com-
ponent BEC can be writlen as

. 2 .
H= Z/dxzp,.f [-%v‘ + vp(x)] Bilx) +
23 Usu [ dxcip! (0)9 ()i () ()
ikl
(4,3,k,1=1,2) (4)

where 1,[3}(x) and 9;(x) are the atomic field oper-
ators which create and annihilate atoms of ith sort
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(i = 1,2) at position x so' that [1@.-(::);1/3}(;:’)] =
(5,‘1(5(_)( = x').

Usually this Hamiltonian is reduced to two-mode
boson Hamiltonian by expanding the atomic field op-
erators over single-particle states

Bi(X) = dai () + P (), 5)

where 4; = [ dxqb,-(bc)ﬂ (x) creates particles with
distributions ¢,(x) and [_d,-,&:] = 1. The first term
in mode expansion acts only on_condensate state
veclor, whereas the second term 3;(x) accounts for
noncondensed atoms. Substituting the mode expan-
sions of atomic ficld operators in the Hamiltonian,
retaining only the first term associated with the con-
densate, one arrives at the two-mode approximated
Hamiltonian:

H= waa' al + ZXIJHQS dk&i (zVJIA'lt = 112)

ikl
(6)

when

= [ axal [21’} Hr@)] 6, 0

Xout = 59Uu [ dxdi (06800, (6)

We note that this two-mode approximation in-
volves only first order eflects of interaction and valid
only lor weak nonlinearity. It should be applicable
for small number of atoms (for instance, one may es-
timate N < 2000 with the typical value aycat = 5nm
for a trap of size 10um ).

Many interesting Hamiltonians can be obtained by
designing experiments. for various coupling. For in-
stance, Menotti et. al. [11] have studied dynamic
splitting of BEC by designing the Hamiltonian of
the form

1 -1 it s
H = §QU1(312“?+(L;2“§ — XNalay + abay) +

29Usdlala a + = gUz(aPa% ah2a?

with Uy = [dx|gi(x)|*, Ua = [ dx|¢i(x)*];(x)[?,

= [ dxl¢>«(x Wi (x)s(x) (1,4 = 1,2), Ky =

[ dx; (x) 295 (%), Vig = [ dxd; (x)Vr(x);(x) and

A= —Kjp— Vi3 — gNU;. Here it was also used that
“’alug + a,a,',ag (N- 1)&.}(’32 =] th&g. ,

By using angular momentum operators defined as

S, = 4 (alax + ahin

Y S ata
S, = § (alas ~ ada
By 1 alig — ala

we can write . )
H 9(Uy — 2U»)S? — 2A8; + g(S2 - §2).

The fArst term of this Haniillonian is one-axis
twisting model, second terin is just rotation, and the
last term is nothing but two-axis twisting Hamilto-
nian.

In a similar way many papers on BEC are acLu-
ally deals with one-axis [12-14] and two-axis twisting
models [11, 15, 16] of spin squeezing. Thus it is im-
portant to to find exact solution for two-axis twisting
model. We will provide in the next section an exact
solution for the problem. In fact we will reduce the
problem to the system of linear equations., Having
the exact solution we will illustrate some entangled
related quantities in some examples.

IIT. TWO-AXIS TWISTING HAMILTONIAN

A Hamiltonian of two-axis twisting model of spin
squeezing for N number of spin-% is originally de-
fined as:

Chx
Hy = 2—{(31 - 5?). (9)

In general it is equivalent to any Hamiltonian of the
form H ~ 82 - S?, where S; and S; are any two mu-
tually orthogonal components of the collective angu-
lar momentum operators.

The formal solution [¥(t)) = expla(S2 — S52)]|W¥o)
(@ = —xt/2) of the Schrodinger equation may not
simply be expressed by a solvable one-axis twist-
ing model, since a simple disentangling, analogous
Baker-Campbell-Hausdorff formula for bosonic op-
erators, is not possible. It should be noted that for
very large number of NV, an approximate solution can
be found using Trotter formula

li eiAt/Neifu/N - ei(d+ﬁ)t. (10)

N—oo
"Since the Hamiltonian Eq. (9) is defined by collec-
tive operators, the state always stays in the subspace
H,; with the maximum momentum J and could be
written in the form

J
() = Y An(t)J,m)

m=-J

as in Eq. (1) discussed in Ref. [9]. We will show
here that the cuefﬁcientb A,,,(t) are sum of sim-
ple harmonics like A,,(t 2;(p; cos( /N +
q; sm[\/_jo:] ), where A; is deﬁned by a system of
linear equations, and p;, q; are defined by the initial
state. -In other word problem reduces to solving a
system of linear equations. General methods of solv-
ing system of linear equations may limit the num-
ber of equations to be solved. However, we observe

(11)
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that the A; has simple (and concavely) distribution
as shown in Fig. 1, which may allow one to utilize
more specific method of solution. A well structured
form of the coefficients of the linear equations hints
that an explicit form of A; or full analytic solution
may exist. Having the exact solution one is able to
do entanglement related calculations, which will be
iliustrated in some examples.

A. Demonstration of exact solution

The idea and mathematics used for providing
a gencral solution are simple and straightforward.
But, providing a general formulas for equations and
solution requires tedious calculations and the formu-
las are not easily readable in the general form. So
let me apply the approach: from simple to complex.

If the initial state is a CSS, for concreteness lel
us take it to be |J,J), then evolution of the state
always remains in H subspace and may be written
in |J, m) basis as

() = 35217, 0) =

=) 5 J
Z% (s2 - s2)* |0y = S Anldm) (12)
k=0 m==—J

and we will find the coefficient A,,.
The term in the first sum of this formula can also
be expanded in |J,m) basis

J

(52 -8 = Y am(Bm)  (13)

m=-~J

s0 that

— a¥ k
() = 4 (83 -52)" 1)) =

k=0

J -] J
a
; Z:T am()Sym) = 37 Anldm) (14)

- m==J
where we have used the following notation
o
In mathematics the l'unchon of the form as Eq.
(15) is known as exponential generating function for
am. Therefore the problem now shifts to the find-
ing the coefficient a,, and then find the associated

gencrating function A,p.
For simplicity of notation, let’s define

by (m) =

VU =-T=-m)(J-m)(J+1+m)(J +2+m),

b_(m) =

VII=1+m)(J +m)(J +1 —m)(J+2—m() )
16

PrI“.

m(k)- (15)

using the following equation
(82 -8%)|J,m) = by |Jm+2)—b_|J,m—2). (17)

From the definition it is clear that the following prop-
erties holds:

bi(m) =b_(-m), by(m)=by(—m —2),
b_(m)=b_(-m+2), b_(m+2)=0by(m),
bi(m —2) = b_(m). (18)

Using them it is easy to sce that

J

(ST =S 0 = Y am(k)(SE - S2)J,m) =

m=—J

; _
> am(k) (b (m)|J,m + 2) — b_(m)|J,m — 2)) =
m=-J
J
Y [amoa(k)bs(m = 2) — amea(k)b— (m + 2)]1J,m)
m=—J %
J

= Y b-(m)an_a(k) - by (m)ama(k))|J,m)

m=-J

and equating it with (S2 — S2)*)|7J) =

J
Yome—g @ (k+1)|J,m) we get the following system
of recurrent equations

Gr41 = bo(M)am—z(k) — by (M)am42(k)
(m=-J,-J+2,-J+4...), (19)
am(k)=0 (m= —‘J+1,"‘J + 3,...). (20)

The latter is an implication of the simple choose of
the initial state as |J, J). From this point, let me con-
tinue the demonstration for N = 4n (n = 1,2,...)
case just in order to avoid a complicated fractional
indices. (Of course, the method and procedure would
not be altered for any N.) Then, it is easy to note
that always even indices appeared for the coefficient
a as azm. Therefore, for the simplicity of notation
we use a new labeling for indices

Gam —am Withm=-nn-1,...n (n=N/4).

(21)
And by introducing a new notation

em =b-(2m) = by (-2m) (m=0,1,...,n)

the system of recurrent formulas Eq. (19) for the new
coefficients a,, (k) can be rewritten as:

a—m(k + 1) = C'm-{»-la-m—l(k) - cma—m(k)
ag(k +1) = e1fa-1(k) — a1 (k)]
am(k +1) = Cm0y—1(k) — Crit18m41(K)

(22)
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with (m = 1,...n), and the first element different
from zero are given by

n—k
an_n(k) = (=1 ]
1=1
fork=1,...,n and a,(0)=1.

So far, we have obtained a complicated system of
recurrent equation for a,,(k) in straightforward way,
and we have Lo find generalized exponential function
for it.

Our trick around herc is the introduction of the
following new substitution variables

and fy = ag
(23}
then system of equation Eq. (46) splits into two
different systems of recurrent equations, i.e,
the first system is:

Sin(k+1) Cm+lf—(m+1)(k) = Cmf—(m—l)(k)

fem=a_pmtam, (m=1,...7n)

(m=13,...)
.f-—m(k e 1) = Cm+1 m+l(k) = Cmfm—l(k)
(m=24,...)

(24)
and the second system is:

fnlk+1) = cnsrf-(ma1)(K) — cnfo(m-1)(k)

(m=24,...)
f—m(k +1) = Cm+lfm+1(k) - Cmfm——l(k)
(m=13,...)
Jolk+1) = af-i1(k)
(25)
with the initial values
Sun—k—-1)=0 (1*1 coan— k),
Jm(n - k)= (-1 ﬂl_ch. “(m=0,...,n),
(26)
f—m-(n— _1) 0 (1_1 _'k')v
fomn=k)=(-1) "'“n‘_,"HcJ (m=1,...,n).

(27)

Henceforth, we use the index r = 1, 2 for any vari-

able which is associated with one of the above two
separate systems of recurrent equations:

e 7 = 1 refers to the first system of recurrent
equations, Eq. (45), by which the functions
fiy =2, f3, f-a, fs,...should be defined,

o 7 = 2 refers to the second system of recurrent
equations, Eq. (25), or to the functions fy,
f-1s f2, f-3, f4, ... are defined.

After heavy but straightforward algebra using sub-
stitutions and relabeling it can be shown that each

variable of the first system of equations satisfy the
same polynomial recurrent formula of the form

dl.Ufm(k) + dl.lfm.(k - ) + dl 2fm(,'v - 4) + .
Zz udl lfm(k - 2':) =
for fm—fllj—Z)fhf-4) ..
(28)
each variable of the second system of equations sat-
isfy the same polynomial recurrent formula of the
form

daofm(k) +doyfin(k—2)+doafin(k—-4)+... =
z;:() d‘z.fF‘m(k Co 2l) =0
for fm =_f0‘f—1'f21f—-3vfdy--.

(29)
where

for even n,

forodd n .(30)

and the coefficients are found as

"

§ 2
Ci

i=2(2-r)

dr‘O =1, dr,l =

" i2—-2
dra = Z Z '1 u'
i7=3i,=2(2-1)
n ig—-2 1a—2

=33 T ddd e

i3=5i2=31; -.2(2—r‘)

Here we have used the fact that ¢g = ¢, and we
note that the construction of the coefficient are the
same for both systein of equations; the only differ-
ence is that the coefficients d ; involving in recurrent
formula for the variables defined by the first system
of equations do not contain the constants cp and ¢;.

A general formula for calculating the coefficients
may be written as

-2 i.1—2 i3—-2

-y > IR B

U=2-1 i =2(1=1)=1i12=2(1-2)~1  i2=3

§42
z Al v F=120 e =12
i =2(2-r)"

We note that in the large N limit the two sys-

tems become equivalent having the same coefficient
]

of df* = T%S,-l—, for both r =1 and fe= 2'cuse.

So, the problem is now much simplified: a sys-
tem of mixed recurrent formulas is reduced to only
onc separated recurrent formula for f,.(k) (m =
—n,-n+1,...,n). By finding its exponential gen-

k
erating function G(fm) = 3070 % S (k) we should
complete the construction of the solution.
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The reduction Eq. (28) or (29) is important result
since associated exponential generating function of
the simple form exists. It can be explicitly checked

i

G(.fm) == Z:’:—_n g_g—:fm(k) =

where, the coefficients p,,, and g,,, should be de-
fined by a given initial state, and A, is a lth solution

of the n.th degree polynomial equation
Wb d g AP 4 d A2 Lt dg, =
EI:U dr_n,__p\.!,‘ =0.

We remember again that » = 1 or A, should be
used for fy, f-2, fa, f-4, fs.-.. and 7 = 2 or'| Az
should be used for fo, -1, fo, f-3, far.. -

The cosine and sine functions are appeared in gen-
erating function because of the fact that A, < 0
which follows from d,, . —1 > 0. Square roots are
due to the change of the index by twice in Eqs.
(28)-(29), the origin of which is the quadratic form
of the two-axis twisting Hamiltonian. It should be
noted that the above solution method may also be
applied to any nonlinear Hamiltonian of the form
I ~ 8% —S* (k= 3,4,...). Then we will en-
counter cubic roots, quartic roots etc. instead of
quadratic root as in Eq. (31). Having all G(fn)
we finally could write the solution Eq. (14) with
Az = Glagm) = %[G(f+m) FG(f-m)] and Ap =
G(ao) = G(fo).

What has been done all above is summarized as:
The the problem of solving the Schrédinger equation
with nonlinear Hamiltonian of two-axis twisting is re-
duced to solving only the polynomial cquation (32).
In other words we have found an exact solulion.

Let us finish the demonstration by providing ex-

(32)

J

2:::' 1 jm 2”)( 1 ki Z"):,) I'\r,n) ”A? lz'

=i [p"-’" Q) (CUS mﬁ - 1) + qr.m(l) sin \/ma] - fin(0)

Ulam-Orygikh, Munkhbuatar, Eract Solution of Two-Azis- T
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that the exponential generating function of the re-
current equation can be written in the forin

(m=-n-n+1,...,n) @)

plicit formulas for p, and ¢n,.
sum in Eq. 31 in a series

z;‘;l [p,‘( (cos ,/ll\,, a— 1) + ¢ 5in l/\rlzia] =
= ZT’ 1 ‘21.)' (E (_l)kPr l|‘\v l[k)

a2kt

Yoen FITay (i~ 1) gt | BA51)/2)
| (33)
and equating the coefficients of low order terms with
coefficients of Eqs. (26) and (27) defined by the ini-

tial state one gets the following two independent lin-
ear equations for p.; and g,

By expanding the

S bt = (—1Ff(26),  (k=1,2,...n,-1)
=1
e (34)
with the same ,'(;T)!a%v' and
Z; 1er|’\rl\(2k+1)/2 == ( l)kfm(zl\' + 1) (35)
=01, -1)

with the same

a:k-}-l
TSI

It is easy Lo observe that these sysiem equation are
just matrix equations with well-known Vandermonde
matrix. Therefore using Laplacian development by
minors and Vandermonde matrix property, solution
of these linear equations can be explicitly written as

" l(u,-—;.)'

Prit = le_l f“"( 1)”+nr(.2l-")An. —u(IArll)
. lAr.ll n;;tl(l’\l"ll - I’\r.ii) tl H‘#t( t ) ?
{36)
and
et = E::':1 Sm(2p ~ 1)(-1)" Ze‘ou).“ l)\r.h”'\;nia' A, ) - Z Ty (20 = 1)(=1)#+mrp, u(l)‘rll

b [T (83 — £2)

where the prime in ¥’ and IT' signs means the ex-

v H:;&e [Ar ] =

[Aril)

| (37)

clusion the variable with the index of ¢, in other
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words, variable |, | is excluded in sums and prod-
ucts. For more readability of the formula we have
introduced the following symmetric functions of any
set {ZTn} = {z1,25,...,2,} as

Ay =Lt Te4... 4,

Ao =z 130 4+ 223 + . ...

Ay = 12Ty + T1T2Lq - - -

A =z 129 2,, that is Ay = Zm_m Hle x; and
onc defines Ay =0for k >nand k <0, and Ay = n.
The notation Ax(T) =

Ae(xy,e0,. 00 21, Trg1y- .0, T,)  Neans o sym-
metric function of the list of {z,} in which [t}
element is excluded.

B. Alternative Solution

The cocfficients @ (k) in the recurrent Eq. (19)
can be considered as the coefficients in a expansion
of function f;,(2) in polynomials of z:

f,,,(.‘:) = iam(k)z_k,z = TC“O. (38)
k=0

By knowing fy,,(z) function, one can find a,,(k) as

l 2m k
am(k) = ﬂ o ' fm(z)z dep. (39)
with
i - dz
d.‘: = 7-elvzdgp — dw — -1:—*' (40)
and A, («) function as
czk m oo akz* ds
Anle) = EiZo SHHE = g (o) TR 5 &
= E% f fﬂl(z)cuz‘z_—-
(4f)

In order to find fy.(z) function, let us multiply
Eq. (19) by z7* and take a summation by &:

z(fm(z) = am(0)) = b_(m) fru—2(z) - bﬁ-(m')fru+2((32))-
4
Bearing in mind that by (m) = b_(m + 2), one can
find f(z) by solving the following system of linear
cquations:

am(0)z = b_(m + 2) fuus2(2) + 2fm(2)-
b_(m) fm—2(z) m=(J,J—-1,..,~J+1,=-J).
(43)
Here @,,(0) with m = (J,J = 1,...,~J + 1,=J) are
defined by initial state

J

Z am(o)l",' "L)' (44)

m==J

[(0)) =

The system of linear equations Eq. (43) splits into
the following two independent systems of linear equa-
tions

an(0)z = b_(m + 2) fin+2(2)+ ‘

:f'rn(z) -b..(m)fm_2(z) m = (J,J "—2|...),

an (0)z = b_(m + 2) fns2(2)+

2fm(2) = bo(Mm)fmo2(z) m=(J-1,J-3,...).

(45)°

When the initial state is the atomic coherent

state |J, J), the second system becomes of the form

Sm(z) =0 m =(J—-1,J - 3,...) and the first

system becomes of the following simple form

{ 2= 2[5(2) - b_(J) f_a(z)
0=b_(m+ 2)fm+2(z) + 2 fn(z) = b_ (‘m)fm—2(3)
m=(J-2,J-4,..)
(46)

Let us demonstrate this alternative solution for
concrete examples.

Example 1. In the case of atomic coherent initial
state [9(0)) = |1,1) with N =2o0or J =1, Eq. (43)
becomes of the form

zfi(z)=2f_1(z) = =
Zfo(z) = 0 N (47)
2hi(z)+z2fo1(z) = 0
and the roots are
z? ' 2z
fi(z) = mafu(z) =0,f1(2) = e

By integrating Eq. (41) one finds the coefficients as
dz
2w %

Ajla) = Lffl(z)eaz
Z2

L a: 42
A L e
2m'f22+4(‘ z o8(2e);

g § he T = o foeZ oo,
2mi =

x  2mi
1 rd
An(@) = g § IS

2mi

Ao(a)

1 2Z . .dz
= — e p —_—= 2
il Frat 3 - oini2a)

and the wave function is found of the form
[%(2)) = cos(2a)|1,1) — sin(2a)|1, —1)

Example 2. With N =4 and [#(0)) = |2,2) one
can write Eq. (43) as

zfa(z) — 2V/6 fo(2)

zfi(z) - 6f_1(2)

2V6/2(z) + 2fo(2) — 2V6f_a(2)
6/11(2) + zf_1(2)

2V6/1(2) + 2f-1(z)

nn
coocown

(48)

1l
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By finding roots as

N2+ N
f2(2) = o Nk)=0
: 26z
ho(GR)=-mg [ =0, fa(2)= z22:-148
and by evaluating integrals Eq. (41) as
dz
Axla) = o = § fa(2)en = 10+ cos(VARa)),
Ao = 5= e L =0,

Ao(c)
A_y(a)

A_z(a)

I
m
:1
-~

>

=

\.4
®

[~

1

]

2 = —\% sin(\/‘i_éa),

0,

%(1 — cos(V48a)),

one gets the following wave function:

(1)) =

V2

* C. Some analytic solutions

sin(vV48a)|2, 0)

51+ cos(VaBa))i2, 2)

+ %(1 ~ cos(V48a))[2, -2).

Analytic solutions exist for small number of atoms, and let us write down some of them for the purpose of

fnrthcr reference.
= 2: |¥(1)) = cos(2a)l, 1) - sin(2a)|1, 1)

N 3:(¥()) = cos(\/_a)l,,, 2) - sm(\/_ﬁ(r)j— -1

N =4:|¥(1)) = § [1 4 cos(v48a)] |2,2) — Tbm(\/_a)gzo

N=5:

(1)) = _’_“},’7; (825 + 82 cos | [, + 82 50) |5/b2 5!2)
5/2 £l 2 1/2V8/2
m&lﬂ‘/b1/2+blza15/2 1/2)+1"‘ﬁ£—(

with by /2 = 6v/2 and by = 2V/10.
N=6:
|B(1)) = % (K_cosK2a+ K,cos K2a)|[3,3) —

3 [1 - cos(V48a)] |2, -2)

cos \[b2, + U2 ,0) 15/2, ~3/2)

Y (K:'sinK2a+ KZ'sin K2a) |3,1)

+% (—cos K2a +cos K2a) [3,-1) + 5 (I'-%mKia - KZ%sin K2q) 3, -3)
with D = b, +4b3, Ky = (D + b)), by =12 a.nd by = 2/15.

N=T7:

[¥(L)) = "":;{e (1_5':\’ )co:,(K+Oz) ( %:{— cos(K a) |%%

K-

02, -K2
+M (h{;—’(-")b"l(K.‘.a) ( LT

bu'zb:( [cos(K ) — cos{K_a)) |‘ “"

with R = ‘/(b,/2 + b2, + 02, )2 — 462,02

bm(K a)l |

b1 br/abasab_yj2 25-1

7
Iz,
o

Ky

3y
2!

Ki= \[l [b?,z +03,, + b2 S \/bf";,,z + 03, + b2, ) -

brja = 2V21, bz = 4V15, and b_y/2 = 6V5.
N=8:

+ [ sincaa + £% sin Ro)] |4,-2) +

with R = /2cy + ¢35, cp =) =610 and ¢z = 4\/--

N=12:

'.’/2”2l l/2_| ’

(1)) = [ cos coax + n%(l +1 cosRa)] |4,4) - [ sincpa + 2 2,{ sin Ra)] [4,2) +

sin(Kya) — g sin(K_ a)] 1Z,-3)

2

2 (1 - cos Ra)|4, 0)

1cosca+ (1 - cos Ra)] t4 —4)

U(t)) = Agl6,6) + Aq]6,4) + A2|6,2) + Ao|6,0) + A_2[6, ~2) + A_4|6,—4) + A_¢|6, —6)

where

|
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5 c} 2¢2 2c? 2
Ay = 3 s Ko + —5— 1_~__l,) K ~ (1= 1 s Ko L= 2
+6 2K§ cos Ko 2D, 1‘3—1 cos Ko —Kfl cos 1¢] + —-—-—~—2(c§ T c§) -

g 2_'2 2 3
Apg = E%-l- [(K(;.l; - K+,1) sin K o — (?(Zi_l_l - K_l) sin:K‘_loc] F 2322 sin ioa ,
., CaC3 - C2C3 C2C3
Ao =t —(cos K_,a — £10) — —5 Cos —=
+2 5D, (cos K_1a — cos K1) 23 cos Kaa + 2K7
Ao = 2898 (7 sin Ky — K2 sin K- )

D,

with ¢g = ¢, = 4V105, ca = 6130, cs = 266,

Dy = /(2] + G + 3)* ~ 8cicy, Kax = \/E (2¢2 + 3+ 3 £Dy), and K> = /3 + 3
N =106:

|‘IJ(1)) = Ag'S, 8) + A(;'S, 6) + A.1|8, 4) + A-)_IS. 2) + AQIS.O)
+A_2|8,-2) + A_4|8, —4) + A_g|8, -6) + A_g|8, -8)

where

2 2 2 2 2
Ass = 3p- [(1 - 2—';{:;‘52) cos(K 41a) — (1 - Q—C,L{—f-) cos(K-,a)]
« Cncz

:!:2—'5—1 [(1 - 7}%) cos(K 420) — (l ~ Tg—t) cos(K-za)] + g

=~

2 cg . - H ?, - .
Ase = 5 (L —1<+1)smu\+1a)—(2—,\1.:“—1“-—;\_1) sin(100)]

+53- 4 _K ) K K <2 Ysin(K
7o |(#5 — Ks2) sin(Ki20) + (K2 = g% ) sin( _2ax)

e 2} o
Ayq = '-335:- - (1 - 'K‘flf) cos(K41a) + (l - %!_1; cos(K_la)]
:f:%‘}‘—)-: [— cos(K 1a0) + cos{ K_qa)] + —rgl—ff:ﬁfgm

¢,

Asy = £3589 (K} sin(Kya) — K2} sin(K_a)] +

e [K:z] sin( K aa) — K23 sin(K_2a)]

Ao = 2gme (KT cos(Kya) = KT} cos(Ka)] + gaisdfidem

egey+2ey(

and
e = ¢ = 1235, ca = 6V/T10, ¢ = 2v/536, ¢4 = 4V/30,

D =/2Z+ci+ci+ci) -4 RE(E+A3) +3al, Da= /(G + 2 +c5)? - dciel,
Kiy=s@3+E+G+ci£D1) Kao= \/% (B + ¢} +c3 + Da).
o r

D. Entanglement and squeezing property we have calculated. the percentual improvement of
‘ o Ramsey spectroscopy, which is discussed in Ref. [17],
with an inilial state prepared by two-axis twisting

Having analytic solutions we can handle any prob- model. The plot is shown in Fig. 6 and we got a lit-

lem associated with the Hamiltonian. For instance
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tle improvement in precision than one-axis twisting
because decoherence washes out the details of spin
squeezing.

Let us consider entanglement and squeezing prop-
erty during the evoltion. It can be easily checked
that states evolved under two-axis twisting Hamilto-
nian satisfics the condition of high symmetry except
for N = 3 case. Therefore, we have the following
one to one correspondence between spin squeezing
and quantum pairwise entanglement:

1-8&.
Cpuir = N _El - (49)

When N = 3 we have: Cpair = %—f—fl

Since the possible maximum of Cuaj; is 2/N, we
plot concurrence —C‘pmr <1 in Figs. (2) -(5).

Pairwise negative correlation or spin squeezing al-
ways appears at the beginning short stage of evolu-
tion, although the evolution picture becomes more
chaotic for large N. This property is familiar to one-
axis twisting behavior (compare with Fig. 6 of the
Ref. [9] ). As we have shown in Rel. [17], such pair-
wise entanglement iimproves the frequency measure-
ment precision in the presence of decoherence. For
N > 6 we have quasi-periodic behaviour in entangle-
ment evolution under two-axis twisting Hamiltonian.
For large N one may expect chaotic behaviour.

IV. CONCLUSION

BEC is a macroscopic object consisting of genuine
indistinguishable atoms. Nonlinear Hamiltonians of
BEC should be expressed by collective operators.
It could have not only second order nonlinearity as
in two-mode approximation but also any high or-
der nonlinearity. Many kinds of nonlinear Hamil-
tonians for preparing entanglement and squeczing
states can be designed. Entanglement and squeezing
propert:es can be studied using the result obtained
in Ref. [9] provided that the wave function is found
for a given Hamiltonian. But, in general, the later
problem is difficult. ., In this Paper, we have dealt
with two-axis twisting Hamiltonian for spin squeez-
ing and have found an exact solution. By using the
method given in this chapter we hope many other im-
portant nonlinear Hamiltonians could also be solved
exactly in a similar way. Research in this direction
would be very useful and fruitful since experiments
on BEC are advancing at a great speed and many
important new applications are appearing. For in-

_stance, Jakob Reichel and collecagues at the Ludwig-

Maximilians University in Munich have recently cre-
ated an “atom chip” in which electromagnetic fields
control the movement of a condensate hovering above
an electronic circuit. Entangled macroscopic states
of BEC may become the key building ingredient of

future quantum computers, like being entanglement
container or supplier.
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FIG. 1: Root distribution of polynomial equations for dif- 0 0.1 0.2 0.3 0.4 0.5 08
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ferent N. The convex and steady property can be used
for making the quickest algorithm for solving the poly-
nomial equations. For some coefficients we have explicit
expressions.
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FIG. 2: Evolution of entanglement and squeczing prop-
ertics of two-axis twisting model for N = 3. Solid line is
(N/2)Cpair; Dashed line is Cyjole- t is not spin squeezed
($7)J/2 in the middle region of u € [Zs, 375 We
have also plotted a negative correlation coefficient (Dash-
dotted line) (AS2)(4/J%)/(1 — (Sa)2J7?).
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FIG. 3: Evolution of entanglement and squeezing prop-
ertics of two-axis twisting model for N = 4. Solid line is
(N/2)Cpulr; Dashed line is Cwhole-

FIG. 4: Evolution of entanglement and squeezing prop-
erties of two-axis twisting model for N = 5. Solid line is
(N/2)Chair; Dashed line is Cyqlc-
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FIG. 5: Evolution of entanglement and squeezing prop-
erties of two-axis twisting model for iV = 8. Solid line is
(N/2)Cpair; Dashed line is Cynole-
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FIG. 6: Two-axis twisting models gives a little percent-
age improvenient than one-axis twisting model because
dccoherence washes out the details of spin squeezing or
entanglement. X, two-axis twisting; o, one-axis twisting




