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APPLICATION OF STOCHASTIC DIFFERENTIAL
EQUATIONS IN POPULATION GROWTH

D.Bayanjargal*, R.Enkhbat**, N.Tungalag***

Xypaanryit: AruBaa yAC OpHbI XYH aMblH TOO Hb 3/MHH 3aCTHHH OCOAT,
HUUTMHHH alOyAryd Gagan, IMHABIP raprax yHA a;KHAAAraa 39parT dyXan
YYPAr TYHLSTIAJ9T MaKPOSAMHH 3acCTMHH YHACSH Y3YYASAT oM. Mitmaac
XYH aMbIH OCOATHHH [AMHAMUKMHI MAaTEMaTHKMHH siH3 OYPHHH 3arBapyyzbir
almMrAaH ypbAdHAQH TaaMarAax Hb 4yXaA ad XoA6oraoAToH. XyH aMmbiH
OCONTHHT  TOAZYY AUQ@EPEHLHar TOTHIHTTIAJ YHASCASH — XyralaaHaac
XaMaapcaH (PyHKII X3A63p93p AMHAMUK 3arBapaap TOAOPXOHAZOT. Ambapanz
XaMIHHH OPreH X3PITASLAST XYH aMblH 3arBapyys 0GOA 6YypoAasXyyHHH
60A007 SKCIIOHEHIIMAA, AOTUCTHK 3arBapyys oM. Heree Tereec xyn ambim
OCOATHHI CTOXAaCTHK XyBbCard 9 Y3ZAST. Y4Hp Hb XYH aMblH TOO 6OA
HUATMUAH GOAOH YAC TOPUHH 6OJAOTO, YAC OPHBI BMHH 3aCTMHH TOITBOPIYH
6ailan 33praasc xamaapu Gaizar. JHIXYY CyZairaaHbl azkHAZ 9XA337 6HZ
XYH aMbIH yAAMKAQAT 3arBapyyZ Oyl0y SKCIIOHEHUMAA OGOAOH AOTHCTHK
3arBapyyapir aBd y3sx 6oano. Jlapaa Hb XyH aMblH 6ceATHilH —Xapraasax
cToxacTuk 3arBapyyapir cyarax 6a Moure Kapro cumyasupia apra ammraan
THAr93P 3arBapyyabll XOOPOHZ Hb XapblyyAaxaaC TazHA THArIIPUHAH
tycaamzraiiraap Monroa yacem xyn ampm 2035 om xypTaax eceaTmiin

JMHAMHKHAT TOOLOX GOAHO.

Tyaxyyp yre: Xyu ampm sarBapyys, auddepenuman tormutraa, Monre
Kapao cumyasn

Abstract: Population is a key macroeconomic indicator which plays an
important role in decision making, social security and economic growth. So it
is important to predict the dynamics of population using various mathematical
models. Population is described as a function of time usually by dynamic
models based on differential equations. The most common practical methods
are component, exponential and logistic models. On the other hand, the
population growth can be considered as stochastic variables since a number
of population depends on social and economic policies, political stability
and so on. In this work, we first examine the existing population models
such as exponential and logistic model. Then we consider the corresponding
stochastic models for population growth, compare these methods using Monte
Carlo simulation and predict the dynamics of Mongolian population up to

2035 year by the methods.
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Introduction

Population as a function of time is usually described by dynamic models based
on differential equations. The most common practical methods are component,
exponential and logistic models. On the other hand, the population growth can be
considered as stochastic variables since a number of population depends on social
and economic policies, political stability, epidemic decease, plague, disaster and so
on. Due to the unpredictable nature of population growth, we introduce uncertainty
in the population models. We choose the linear multiplicative noise, that is a random
element to the exponential and logistic growth equations.

We applied the deterministic and stochastic models to the Mongolian population
growth. In recent years, Mongolian population has grown rapidly and reached 3.1
million people in 2016.

According to the projection of Mongolian Statistical Office, an estimation
based on resident population within the territory of Mongolia of United Nations
Population Fund shows that the population of Mongolia will reach 4 million around
2038 under the scenario with low fertility decline and 3.5 million around 2030
under the scenario with high fertility decline.

In this paper, we first examine the existing population models such as exponential
and logistic model. Then we consider the stochastic models for population growth,
compare the models using Monte Carlo simulation and predict the dynamics of
Mongolian population up to 2035 year using the models.

Population model

Deterministic models

So far different mathematical models have been developed to model population
dynamics. In this section, we introduce two common deterministic population models
such as exponential and logistic.

Exponential model

One of the models for population growth is based on the assumption that the
population grows at a rate proportional to the number of population. This yields the
following initial value problem (IVP)

df
{ E = T‘Y, (1)
Y(0) =¥,
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where r is a measure of the growth rate, t is a period, Y is equal to the number of
individuals at time ¢ and Y, is the population for the base year. The equation is
called the exponential growth. The solution of the initial value problem is Y(1)=Y .

Logistic model

A population often increases exponentially in its early stages but levels off
eventually and approaches its carrying capacity because of limited resources. One of
the first to model this limitation was the logistic growth model

{Z_:; - rF[l o i]’ or {:_i B k}F[M B }F]J
¥(0) = v, y(0) = ¥,.

where M is the carrying capacity or the maximum number of population for a

(2)

given period.

By solving the initial value problem, we get
MY,
Y(t) = —r
Yy + (M —Y,)e™

Stochastic models

Before we consider Stochastic models, we introduce the stochastic process or
the Wiener process and the stochastic differential equations.

A stochastic process is a family of random variables that depend on time. The
stochastic process can either be a “discrete-time” process or a “continues-time”
process. An example of the latter one is Wiener process or Brownian motion.

The Wiener process, W (t), t = 0, satisfies the following properties.

(1)  [Independence of increments] W(t) — W(s), s < t, is independent of
the past.
(ii)  [Normal increment] W(t) — W(s) is normally distributed with mean
i =0 and variance ¢ =1t — 5.
(i)  [Continuity of paths] W (%) is continuous function of t.
(iv) w(o)=o.

An implication of (ii) and (iv) is that W(£)~N(0, vt).

By introducing noise into an ordinary differential equation (ODE) a stochastic
differential equation (SDE) is obtained. Let Y(t) be an unknown stochastic process,
W(t) a Wiener process, (%,t) and o(x,t) known functions, then

d¥(t) = p(Y(t), t)dt + (Y (t), t)dW (1) 3)
is an SDE driven by a Wiener process. The function u(x,t) is called the drift
coefficient and @(%:t) is called the diffusion coefficient.
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An initial value problem for SDE is

{d‘f(t] = u(Y(t),)dt + o(Y(t), )dW(t),

Y(0) = ¥, )

As the case of deterministic differential equations, SDEs may not be
explicitly solvable. When this is case, numerical methods can be used to obtain
an approximation of the solution if a solution exists. The noise is called additive
if the diffusion coefficient, @, doesn’t depend on the stochastic process, Y(t), or
multiplicative if it does depend on Y(t).

The Stochastic exponential growth model

For simplicity, we consider that the drift coefficient is a proportional to the
stochastic process and the diffusion coefficients is a linear multiplicative. Then we
obtain the stochastic exponential growth model

dY(t) = r¥(t)dt + a¥(t)dW (5)

where r is the growth rate, & is number called diffusion coefficient and dW is
a Wiener process.

For simulation, let the number of population for base year be y,, at time t=0 and
t; = iAt, so the numbers of population are to be determined at discrete points .
Then our discrete-time model is

Y(t.,) = Y(t) + rAty(t) + oVALX,Y(t),

where X; (i=0,1,2,...) are i.i.d N{0,1).

Based on the Central Limit theorem and X; (i=0,1,2,...) are ii.d N(0,1), we
take a limit At =+ 0 to get continuous population model [1]. Continuous time
expression for the model is

v(t) = vyelr 57 Jeraves
where  X~N(0, 1).

A random variable ¥ (t) of the form has a so-called lognormal distribution, that is,
its log is normally distributed. So we can describe the evolution of the population

over any sequence of time points 0 = t, < t, < t, < -~ <t, by
Ly, —
Y(ts,) = y[t_)g["_?‘? Jer -t +e Gt for iid X, ~N(01).
L L r

The Stochastic logistic growth model
We choose the linear multiplicative noise, g¥(t), a random element to the
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logistic growth equation

_ ¥ie)
dv(t) = rv(0) (1 =22 ) dt + o¥()aw  (6)
where r is a measure of the growth rate and M is a carrying capacity of the

population which limits the growth of the population. The solution can be shown to

be ([Kloeden and Platen 1999, p.125])

|I r—':er Je+oWr(t)
v, Ke' =/

¥(t) = T (7)
¢ |r——ls+oWWits
E+¥yr[ et 20 de

If there is no noise in the system, i.e. when & = 0, (7) reduces to the
solution of the deterministic logistic growth model. The integral in the denominator
of equation (7) is not readily obtainable. However, expected value of it can be

calculated and found to be [4]

& rt 3

E[f(tj:l = - where I(t) = f; eli;-_ﬂ?‘}gﬂrwis}ds.

Since equation (7) is a quotient of two dependent random variables its expected
value is not readily obtainable. However, applying the Delta method the expected
value can be approximated by the expected value of the numerator divided by the
expected value of the denominator, i.e.

) » EO)
E (EJ " E),
So this yields

E[Y[:tj) _ YDKEN

K+ Y,(e™ —1)

which is the solution of the deterministic logistic growth model. Thus, the expected
value of the solution to the stochastic logistic growth model can be approximated
with the solution of the deterministic model.

For discretization, let the number of population for base year be ¥ at time £ = 0
and t; = idt, so the numbers of population are to be determined at discrete points
t;. Then our discrete-time model for logistic growth is

V(tey) = ¥(e) +rv(e) (1- 52) 61 + oVBex, (1), (8)

where X; (i=10,1,2,...) are iid N(0,1),
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Simulation results

We applied the deterministic and stochastic models to the Mongolian population
growth. In recent years, Mongolian population has grown rapidly and reached 3.1
million people in 2016. In our work, we estimated the growth rate using statistical
data from 2000 to 2016 obtained by the National Statistical Office of Mongolia.
According to the least square estimation, the average population growth rate was
1.59 during that periods.

We use Monte Carlo simulation to generate the stochastic processes. Since we
have already estimated population growth rate as ¥ = 0.0159 and and different
&, we can generate sample paths starting from 2403.1 thousands in 2000 using
different pseudo random number generators for each path.

Figure 1. Mongolian population, thousand person
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Figure 2. Stochastic exponential model
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Figure 3. Stochastic logistic model
Sample paths of the Popuation, sigma=0.015
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We compared our models such us deterministic and stochastic models with real
data from 2000 to 2016 and predicted Mongolian population during 2017-2035.
Results are shown on the following graph and tables. From the graph and table,
we can see that stochastic models are more suitable for prediction of the population.
According to the stochastic exponential prediction, our population will reach 3309.8
thousand in 2021, 3524.3 in 2025, 3880.3 in 2031 and 4121.1 thousand in 2035
where as the number of population will be 3226.5 thousand in 2021, 3418.6 in
2025 and 3946.8 thousand in 2035 by the stochastic logistic model.

Figure 4. Comparison of the models
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Table 1. Mongolian population (thousand)

‘ear | Population | Exponential | Stoc. exp. | Logistic Stoc. log.
model model model model
2000 2403.1 2403.1 2403.1 2403.1 2403.1
2001 2432.4 2441.6 2440.8 2438.9 2440.0
2002 2465.7 2480.7 2480.6 2475.2 2479.1
2003 2495.1 25204 2521.5 2511.9 2515.0
2004 2521.7 2560.7 2557.0 2549.2 2551.0
2005 2552.1 2601.7 2596.7 2587.0 2589.9
2006 2583.3 2643.3 2636.9 2625.3 2626.6
2007 2620.4 2685.7 2680.3 2664.2 2663.7
2008 2666.0 2728.7 2720.8 2703.5 2705.5
2009 2716.3 2772.3 2764.4 2743.4 2745.6
2010 2761.0 2816.7 2809.4 2783.8 2788.0
2011 2811.7 2861.8 2856.2 2824.8 2829.4
2012 2867.7 2907.6 2902.3 2866.3 2871.3
2013 2930.3 20954.2 2949.2 2908.4 2916.0
2014 2995.9 3001.4 2994.4 2951.0 2958.6
2015 3057.8 3049.5 3044.8 2.9942 3001.5
2016 3119.9 3098.3 3093.4 3038.0 3047.9

Least
square 2.829e+04 2.08Te+04 | 2.223e104 | 1.860e+04
€rTors
Table 2. population up to the year 2035 (thousand)

Year | Exponential | Stoc. exp. | Logistic | Stoc. log.
model model model model
2017 3098.3 3097.7 3038.0 3041.6
2019 3198.3 3204.5 3127.2 3131.5
2021 3301.5 3309.8 32189 3226.5
2023 3408.1 3413.8 3312.9 3320.7
2025 3518.0 3524.3 3409.4 3418.6
2027 3631.6 3638.3 3508.4 3520.9
2029 3748.8 3761.6 3600.0 3623.2
2031 3869.7 3880.3 3714.1 3730.3
2033 3994.6 3999.7 3820.9 3835.5
2035 4123.5 4121.1 3930.3 3946.8
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Conclusion

In this work we only considered the linear diffusion coefficient in exponential
and logistic growth models. Other diffusion coefficients are plausible. For
example, the logistic growth model can be perturbed with white noise.
According to statistical data, stochastic models are more suitable for
prediction of the population.

According to our prediction, the Mongolian population will reach 3309.8
thousand in 2021, 3524.3 in 2025, 3880.3 in 2031 and 4121.1 thousand
in 2035. Particularly, the population of Mongolia will reach to 4 million
around 2033 and 2034. However, the estimation is higher than the
projection of Mongolian Statistical Office which estimated that Mongolian
population will reach to 4 million around 2038 under scenario only with
low fertility decline.
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